Multidimensional Access Methods

Volker Gaede and Oliver Günther Institut für Wirtschaftsinformatik Humboldt-Universität zu Berlin Spandauer Str. 1 10178 Berlin, Germany fgaede,guentherg@wiwi.hu-berlin.de

Abstract

Search operations in databases require some special support at the physical level. This is true for conventional databases as well as for spatial databases, where typical search operations include the point query (find all objects that contain a given search point) and the region query (find all objects that overlap a given search region). More than ten years of spatial database research have resulted in a great variety of multidimensional access methods to support such operations. This paper gives an overview of that work. After a brief survey of spatial data management in general, we first present the class of point access methods, which are used to search sets of points in two or more dimensions. The second part of the paper is devoted to spatial access methods, which are able to manage extended objects (such as rectangles or polyhedra). We conclude with a discussion of theoretical and experimental results concerning the relative performance of the various approaches.

Keywords: access methods, data structures, spatial databases

Contents

1 Introduction 4

2 Organization of Spatial Data 6 2.1 What Is Special About Spatial? . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Definitions and Queries . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 Basic Data Structures 12 3.1 One-Dimensional Access Methods . . . . . . . . . . . . . . . . . . . . . . 12 3.1.1 Linear Hashing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 3.1.2 Extendible Hashing . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.1.3 The B-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.2 Main Memory Structures . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.2.1 The K-D-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 3.2.2 The BSP Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.2.3 The Quadtree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4 Point Access Methods 18 4.1 Multidimensional Hashing . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.1.1 The Grid File . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.1.2 EXCELL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.1.3 The Two-Level Grid File . . . . . . . . . . . . . . . . . . . . . . 22 4.1.4 The BANG File . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.1.5 The Twin Grid File . . . . . . . . . . . . . . . . . . . . . . . . . 23 4.1.6 Multidimensional Linear Hashing . . . . . . . . . . . . . . . . . . 25 4.1.7 The Buddy Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 4.2 Hierarchical Access Methods . . . . . . . . . . . . . . . . . . . . . . . . 27 4.2.1 The K-D-B-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.2.2 The hB-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.2.3 The LSD Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 5 Spatial Access Methods 31 5.1 Managing Extended Objects . . . . . . . . . . . . . . . . . . . . . . . . . 31 5.1.1 Transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 5.1.2 Overlapping Regions . . . . . . . . . . . . . . . . . . . . . . . . . 33 5.1.3 Clipping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.2 Space-Filling Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 5.2.1 Z-Ordering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 5.3 The R-Tree and Related Structures . . . . . . . . . . . . . . . . . . . . . 38 5.3.1 The R-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 5.3.2 The R^+-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 5.3.3 The R^∗-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 5.4 Polyhedral Tree Structures . . . . . . . . . . . . . . . . . . . . . . . . . 42 5.4.1 The Cell Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 5.4.2 The P-Tree (Jagadish 1990c) . . . . . . . . . . . . . . . . . . . . 44

5.4.3 The P-Tree (Schiwietz 1993) . . . . . . . . . . . . . . . . . . . . 45 5.4.4 The BV-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 5.5 Other Hierarchical Access Methods . . . . . . . . . . . . . . . . . . . . . 47 5.5.1 The Extended K-D-Tree . . . . . . . . . . . . . . . . . . . . . . . 47 5.5.2 The SKD-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 5.5.3 The GBD-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 5.6 Hashing-Based Structures . . . . . . . . . . . . . . . . . . . . . . . . . . 50 5.6.1 PLOP-Hashing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 5.6.2 The Multi-Layer Grid File . . . . . . . . . . . . . . . . . . . . . . 52 5.6.3 The R-File . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 6 Comparative Studies 54

7 Conclusions 57

1 Introduction

With an increasing number of computer applications that rely heavily on multidimensional data, the database community has recently devoted considerable attention to spatial data management. While the main motivation originated in the geosciences and mechanical CAD, the range of possible applications has now expanded to areas such as robotics, visual perception and autonomous navigation, environmental protection, and medical imaging (Günther and Buchmann 1990).

Just as broad as the range of applications is the range of interpretations given to the term spatial data management. In VLSI CAD and cartography this term refers to applications that rely mostly on two–dimensional or layered two–dimensional data. VLSI data is usually represented by rectilinear polylines or polygons whose edges are iso-oriented, i.e., parallel to the coordinate axes. Typical operations include intersection and geometric routing operators. Cartographic data is also two–dimensional with points, lines, and regions as the basic primitives. In contrast to VLSI CAD, however, the shapes are often characterized by extreme irregularities. Common operations include spatial searches, map overlay, as well as distance-related operations. In mechanical CAD, on the other hand, data objects are usually three–dimensional solids. They may be represented in a variety of data formats, including cell decomposition schemes, constructive solid geometry (CSG), and boundary representations (Kemper and Wallrath 1987). Yet other applications emphasize the processing of unanalyzed images, such as X–rays and satellite imagery, from which features are extracted. In those areas, the terms spatial database and image database are sometimes even used interchangeably.

Strictly speaking, however, spatial databases contain multidimensional data with explicit knowledge about objects, their extent, and their position in space. The objects are usually represented in some vector–based format, and their relative position may be explicit or implicit (i.e., derivable from the internal representation of their absolute positions). Image databases, on the other hand, often place less emphasis on data analysis. They provide storage and retrieval for unanalyzed pictorial data, which is typically represented in some raster format. Techniques developed for the storage and manipulation of image data can be applied to other media as well, such as infrared sensor signals or sound.

In this survey, we assume that the goal is to manipulate analyzed multidimensional data, and that unanalyzed images are only handled as the source from which spatial data can be derived. The challenge for the developers of a spatial database system lies not so much in providing yet another collection of special–purpose data structures. One rather has to find abstractions and architectures to implement generic systems, i.e., to build systems with generic spatial data management capabilities that can be tailored to the requirements of a particular application domain. Important issues in this context include the handling of spatial representations and data models, multidimensional access methods, as well as pictorial or spatial query languages and their optimization.

This paper is a survey of multidimensional access methods to support search operations in spatial databases. Figure 1 gives a first overview of the diversity of existing multidimensional access methods. The goal of this paper is not to describe all of these structures, but to discuss the most prominent ones, to present possible taxonomies, and to establish references to further literature. Several shorter surveys have been published previously in various Ph.D. theses (Ooi 1990; Kolovson 1990; Oosterom 1990; Schiwietz 1993). Widmayer (1991) gives an excellent overview of work published before 1991. Like the thesis by Schiwietz, this survey is however only available in German.

Figure 1: History of Multi-Dimensional Access Methods

The sequel of the paper is organized as follows. Section 2 discusses some basic properties of spatial data and their implications on the design and implementation of spatial databases. Section 3 gives an overview of some traditional data structures that had an impact on the design of multidimensional access methods. Sections 4 and 5 are the core of this survey, presenting a variety of point access methods (PAMs) and spatial access methods (SAMs), respectively. Some remarks about theoretical and experimental analytical results are contained in Section 6, and Section 7 concludes the paper.

2 Organization of Spatial Data

2.1 What Is Special About Spatial?

To obtain a better understanding of the requirements in spatial database systems, let us first discuss some basic properties of spatial data. First, spatial data has a complex structure. A spatial data object may be composed of a single point or several thousands of point sets, arbitrarily distributed across space. It is usually not possible to store collections of such objects in a single relational table with a fixed tuple size. Second, spatial data is often dynamic. Insertions and deletions are interleaved with updates, and data structures used in this context have to support this dynamic behavior. Third, spatial databases tend to be large. Geographic maps, for example, regularly occupy several gigabytes of storage. The seamless integration of secondary and tertiary memory is therefore essential for efficient processing (Chen et al. 1995). Fourth, there is no standard algebra defined on spatial data. This means in particular that there is no standardized set of base operators. The set of operators heavily depends on the given application domain, although some operators (such as intersection) are more common than others. Fifth, many spatial operators are not closed. The intersection of two polygons, for example, might return any number of single points, dangling edges, or disjoint polygons. This is particularly relevant when operators are applied consecutively. Sixth, although the computational costs vary between operators, spatial database operators are generally more expensive than standard relational operators.

An important class of geometric operators that needs special support at the physical level is the class of spatial search operators. Retrieval and update of spatial data is usually based not only on the value of certain alphanumeric attributes, but also on the spatial location of a data object. A retrieval query on a spatial database often requires the fast execution of a geometric search operation such as a point or region query. Given a set of geometric objects in d–dimensional Euclidean space E^d, stored in a spatial database, a region query computes those objects in the database that overlap a given search space S ⊂ E^d. The point query can be viewed as a degenerate region query, determining all objects containing the given search point p ∈ E^d. Both operations require fast access to those data objects in the database that occupy a given location in space.

To support such search operations, one needs special multidimensional access methods. The main problem for the design of such methods, however, is that there exists no total ordering among spatial objects that preserves spatial proximity. In other words, there is no mapping from two- or higher-dimensional space into one-dimensional space such that any two objects that are spatially close in the higher-dimensional space are also close to each other in the one-dimensional sorted sequence.

This makes the design of efficient access methods in the spatial domain much more difficult than in traditional databases, where a broad range of efficient and wellunderstood access methods is available. Examples for such one-dimensional access methods (also called single key structures, although that term is somewhat misleading) include the B-Tree (Bayer and McCreight 1972) and extendible hashing (Fagin et al. 1979); see Section 3.1 for a brief discussion. A natural approach to handle multidimensional search queries consists in the consecutive application of such single key structures, one per dimension. As Kriegel (1984) has pointed out, however, this approach can be quite inefficient. Since each index is traversed independently of the others, we can not exploit the possibly high selectivity in one dimension for narrowing down the search in the remaining dimensions. Another interesting approach is to extend hashing simply by using a hash function that takes a d-dimensional vector as argument. A structure that is based on this idea is the grid file (Nievergelt, Hinterberger, and Sevcik 1984; Hinrichs 1985). Unfortunately this approach often suffers from a superlinear growth of the directory, even for data that is uniformly distributed; in Sections 3 and 4 we provide a more detailed discussion of these and related problems.

In summary, there is no easy and obvious way to extend single key structures in order to handle multidimensional data. On the other hand, there is a great variety of requirements that multidimensional access methods should meet, based on the properties of spatial data and their applications (Robinson 1981; Lomet and Salzberg 1989):

1. Dynamics. As data objects are inserted and deleted from the database in any given order, access methods should continuously keep track of the changes.

2. Secondary/tertiary storage management. Despite growing main memories, it is often not possible to hold the complete database in main memory. Access methods therefore need to integrate secondary and tertiary storage in a seamless manner.

3. Broad range of supported operations. Access methods should not support just one particular type of operation (such as retrieval) at the expense of other tasks (such as deletion).

4. Independence of the input data. Access methods should maintain their efficiency even when the input data is highly skewed. This point is especially important for data that is distributed differently along the various dimensions. Related to this point is a good average storage utilization.

5. Simplicity. Intricate access methods with special cases are often error-prone to implement and thus not sufficiently robust.

6. Scalability. Access methods should adapt well to growth in the underlying database.

7. Efficiency. Because spatial searches are usually CPU- and I/O-intensive, an access method should try to minimize both the number of disk accesses and the CPU utilization.

As for terminology, we have already introduced the term multidimensional access methods to denote the large class of access methods that support searches in spatial databases and that are the subject of this survey. Within this class, we distinguish between point access methods (PAMs) and spatial access methods (SAMs). Point access methods have primarily been designed to perform spatial searches on point databases. The points may have two or more dimensions, but they do not have a spatial extension. Spatial access methods, on the other hand, are able to manage extended objects, such as lines, polygons, or even higher-dimensional polyhedra. In the literature, one often finds the term spatial access method referring to what we call multidimensional access method. Other terms used for this purpose include spatial index or spatial index structure.

2.2 Definitions and Queries

As indicated above, we generally assume that the given objects are embedded in ddimensional Euclidean space E^d. In this paper this space is also referred to as universe or original space. The restriction to Euclidean space is made for simplicity and practicality; it is not always essential, i.e., many observations in this paper also hold in non-Euclidean spaces.

Any point object stored in a spatial database has a unique location in space, defined by its d coordinates. Unless the distinction is essential, we use the term point both for locations in space and for point objects stored in the database. Note, however, that any point in space can be occupied by several point objects stored in the database.

A (convex) d–dimensional polytope P in E^d is defined to be the intersection of some finite number of closed halfspaces in E^d, such that the dimension of the smallest affine subspace containing P is d. If a ∈ E^d − {0} and c ∈ E^1 then the (d − 1)–dimensional set H(a, c) = {x ∈ E^d : x · a = c} defines a hyperplane in E^d. A hyperplane H(a, c) defines two closed halfspaces 1 · H(a, c) = {x ∈ E^d : x · a ≥ c} and −1 · H(a, c) = {x ∈ E^d : x · a ≤ c}. A hyperplane H(a, c) supports a polytope P if H(a, c) ∩ P ≠ ∅ and P ⊆ 1 · H(a, c), i.e., if H(a, c) embeds parts of P ’s boundary. If H(a, c) is any hyperplane supporting P then P ∩ H(a, c) is a face of P . The faces of dimension 1 are called edges; those of dimension 0 vertices.

By forming the union of some finite number of polytopes Q_1, ..., Q_n we obtain a (d– dimensional) polyhedron Q in E^d that is not necessarily convex. Following the intuitive understanding of polyhedra, we require that the Q_i (i = 1, ..., n) have to be connected. Note that this still allows for polyhedra with holes. Each face of Q is either the face of some Q_i, or a fraction thereof, or the result of the intersection of two or more Q_i. Each polyhedron P divides the points in space into three subsets that are mutually disjoint: its interior, its boundary, and its exterior.

Following usual conventions, we use the terms line and polyline to denote a onedimensional polyhedron and the terms polygon and region to denote a two-dimensional polyhedron. We further asssume that for each k (0 ≤ k ≤ d), the set of k-dimensional polyhedra forms a data type, which leads us to the common collection of spatial data types {Point, Line, Region, ...}. Combined types sometimes also occur. An object o in a spatial database is usually defined by several non-spatial attributes and its geometry o.G, which is a special attribute of some spatial data type.

Indices can typically only handle simple entries of roughly equal size. One therefore often abstracts from the actual geometry of a spatial object before inserting it into an index. This can be achieved by approximating the original data object with a simpler geometry, such as a bounding box or a sphere. Given the minimum bounding interval I_i(o) = [l_i, u_i] (l_i, u_i ∈ E^1) describing the extent of the spatial object o along dimension i, the d-dimensional minimum bounding box (MBB) is defined by I^d(o) = I_1(o) × I_2(o) × ... × I_d(o). An index may only administer the MBB of each object, together with a pointer to the description of the object geometry (the object ID or object reference). This geometry is retrieved from disk if and only if it is essential for answering a given query.

With this design, the index only produces a set of candidate solutions (Figure 2).

For each element of that candidate set we have to decide whether the MBB is sufficient to decide that the actual object must indeed satisfy the search predicate. In those cases, the object can be added directly to the query result (dashed line). However, there are often cases where the MBB does not prove to be sufficient information. We then have to retrieve the exact geometries from secondary memory and test them against the predicate. If the predicate evaluates to true, the object is added to the query result as well, otherwise we have a false hit.

Figure 2: Multi-Step Spatial Query Processing (see also (Brinkhoff et al. 1994))

As noted above, in contrast to relational databases there exists neither a standard spatial algebra nor a standard spatial query language. The set of operators strongly depends on the given application domain, although some operators (such as intersection) are generally more common than others. Queries are often expressed by some extension of SQL that allows abstract data types to represent spatial objects and their associated operators (Roussopoulos and Leifker 1984; Egenhofer 1994). The result of a query is usually a set of spatial data objects. In the sequel, we give a formal definition of several of the more common spatial database operators.

Query 1 (Exact Match Query EMQ, Object Query) Given an object o^′ with geometry o^′.G ⊆ E^d, find all objects o with the same geometry as o^′. EMQ(o^′) = {o|o^′.G = o.G} Query 2 (Point Query PQ) Given a point p ∈ E^d, find all objects o overlapping p.

P Q(p) = {o|p ∩ o.G = p} The point query can be regarded as a special case of several queries introduced in the sequel, such as the intersection query, the window query, or the enclosure query. Query 3 (Window Query WQ, Range Query) Given a d-dimensional interval I^d = [l_1, u_1] × [l_2, u_2] × ... × [l_d, u_d], find all objects o with at least one point in common with I^d. W Q(I^d) = {o|I^d ∩ o.G ≠ ∅} The query implies that the window is iso-oriented, i.e., its faces are parallel to the coordinate axes. A more general variant is the region query that permits search regions to have arbitrary orientations and shapes:

Query 4 (Intersection Query IQ, Region Query, Overlap Query) Given an object o^′ with geometry o^′.G ⊆ E^d, find all objects o with at least one point in common with o^′. IQ(o^′) = {o|o^′.G ∩ o.G ≠ ∅} Query 5 (Enclosure Query EQ) Given an object o^′ with geometry o^′.G ⊆ E^d, find all objects o enclosing o^′. EQ(o^′) = {o|(o^′.G ∩ o.G) = o^′.G} Query 6 (Containment Query CQ) Given an object o^′ with geometry o^′.G ⊆ E^d, find all objects o enclosed by o^′. CQ(o^′) = {o|(o^′.G ∩ o.G) = o.G} The enclosure and the containment query are symmetric to each other. They are both more restrictive formulations of the intersection query by specifying the result of the intersection to be one of the inputs.

Query 7 (Adjacency Query AQ) Given an object o^′ with geometry o^′.G ⊆ E^d, find all objects o adjacent to o^′. AQ(o^′) = {o|o.G ∩ o^′.G ≠ ∅ ∧ o^′.G^∘ ∩ o.G^∘ = ∅} Here, o^′.G^∘ and o.G^∘ denote the interiors of the geometries o^′.G and o.G, respectively. Query 8 (Nearest Neighbor Query NNQ) Given an object o^′ with geometry o^′.G ⊆ E^d, find all objects o with a minimum distance from o^′. NNQ(o^′) = {o|∀o^{′′} : dist(o^′.G, o.G) ≤ dist(o^′.G, o^{′′}.G)}

Figure 3: Point Query

Figure 4: Window Query

Figure 5: Intersection Query

Figure 6: Enclosure Query

Figure 7: Containment Query

Figure 8: Adjacency Query

Distance between extended spatial data objects is usually defined as the distance between their closest points. Common distance functions for points include the Euclidean and the Manhattan distance.

Figures 3 through 8 illustrate some of the queries defined above. Besides spatial selections, as exemplified by Queries 1 through 8, the spatial join is one of the most important spatial operations. Günther (1993) gives the following definition of the spatial join in a relational context:

Query 9 (Spatial Join) The spatial join of two relations R and S, denoted by R 1_{iθj} S, is the set of tuples from R × S where the i-th column of R and the j -th column of S are of some spatial type, θ is some spatial predicate, and R.i stands in relation θ to S.j. Typically, one dedicated column in the relations R and S is of some spatial data type, representing the geometry of the corresponding data object. We will therefore just write R 1_θ S as a shorthand for the spatial join R 1_{iθj} S whenever i and j refer to such dedicated columns in the relations R and S, respectively. This definition can be extended to an object-oriented environment in a straightforward manner by viewing the tuples r ∈ R and s ∈ S as (spatial) objects and the relations R and S as sets of objects or class extents.

As for the spatial predicate θ, a brief survey of the literature (Orenstein 1986; Becker 1992; Rotem 1991; Günther 1993; Brinkhoff, Kriegel, and Seeger 1993; Brinkhoff 1994;

Lo and Ravishankar 1994; Aref and Samet 1994) yields a wide variety of possibilities, including

• intersects(r, s) • contains(r, s) • is enclosed by(r, s) • distance(r, s)Θq, with Θ ∈ {=, ≤, <, ≥, >} and q ∈ E^1 • northwest(r, s) • adjacent(r, s)

A closer inspection of these spatial predicates shows that the intersection join

R 1_{intersects(r,s)} S plays a crucial role for the computation in practically all cases (Gaede

and Riekert 1994). For predicates such as contains, encloses, or adjacent, for example, the intersection join is an efficient filter that yields a set of tuples (r, s) typically much smaller than the Cartesian product R × S.

3 Basic Data Structures

3.1 One-Dimensional Access Methods

Classical one-dimensional access methods are an important foundation for almost all multidimensional access methods. Some of the most common one-dimensional structures include linear hashing (Litwin 1980; Larson 1980), extendible hashing (Fagin et al. 1979), and the B-tree (Bayer and McCreight 1972; Comer 1979). Hierarchical access methods such as the B-tree are scalable and behave well in the case of skewed input; they are nearly independent of the distribution of the input data. This is not necessarily true for hashing techniques, whose performance may degenerate depending on the given input data. This problem is aggravated by the use of order-preserving hash functions that try to preserve neighborhood relationships between data items, in order to support range queries. As a result, highly skewed data keeps accumulating at a few selected locations in image space. For well-behaved data, on the other hand, hashing techniques usually outperform hierarchical methods on the average.

3.1.1 Linear Hashing (Larson 1980; Litwin 1980)

Linear hashing divides the universe [A, B) of possible values into binary intervals of size (B − A)/2^k or (B − A)/2^{k+1} for some k ≥ 0. Each interval corresponds to a bucket, i.e., a collection of records stored on a disk page. t ∈ [A, B) is a pointer that separates the smaller intervals from the larger ones: all intervals of size (B − A)/2^k are to the left of t, and vice versa. If a bucket reaches its capacity due to an insertion, the interval [t, t + (B − A)/2^k) is split into two subintervals of equal size, and t is advanced to the next large interval remaining. Note that the split interval does not have to be the same interval as the one that caused the split; consequently, there is no guarantee that the split relieves the bucket in question from its overload. If an interval contains more objects than bucket capacity permits, the overload is stored on an overflow page. When t = B, the file has doubled and all intervals have the same length (B − A)/2^{k+1}. In this case we reset the pointer t to A and resume the split procedure for the smaller intervals.

3.1.2 Extendible Hashing (Fagin et al. 1979)

As linear hashing, extendible hashing organizes the data in binary intervals, here called cells. Overflow pages are avoided in extendible hashing by using a central directory. Each cell has an index entry in that directory; it initially corresponds to one bucket. If during an insertion a bucket reaches its capacity, all cells are split into two. New index entries are created and the directory doubles in size. Since not each bucket was at full capacity before the split, it may now be possible to fit more than one cell in the same bucket. In that case, adjacent cells are regrouped in data regions and stored on the same disk page. In the case of skewed data this may lead to a situation where numerous directory entries exist for the same data region (and therefore the same disk page). Even in the case of uniformly distributed data, the directory growth may be superlinear. Exact searches take no more than two page accesses: one for the directory and one for the bucket with the data. This is more than the best-case performance of linear hashing, but better than the worst case.

3.1.3 The B-Tree (Bayer and McCreight 1972)

Other than hashing schemes, the B-tree and its variants (Comer 1979) organize the data in a hierarchical manner. B-trees are balanced trees that correspond to a nesting of intervals. Each node ν corresponds to a disk page D(ν) and an interval I(ν). If ν is an interior node then the intervals I(ν_i) corresponding to the immediate descendants of ν are mutually disjoint subsets of I(ν). Leaf nodes contain pointers to data items; depending on the type of B-tree, interior nodes may do so as well. B–trees have an upper and lower bound for the number of descendants of a node. The lower bound prevents the degeneration of trees and leads to an efficient storage utilization. Nodes whose number of descendants drops below the lower bound are deleted and its content is distributed among the remaining nodes on the same tree level. The upper bound follows from the fact that each tree node corresponds to exactly one disk page. If during an insertion a node reaches its capacity, it is split into two. Splits may propagate up the tree. As the size of the intervals depends on the given data (and the insertion sequence), B-trees are usually rather adaptive. For data whose distribution is sufficiently close to uniform, however, extendible hashing as well as linear hashing outperform the B-tree.

3.2 Main Memory Structures

Early access methods did not account for paged secondary memory and are therefore less suited for large spatial databases. In this section, we review several of these fundamental data structures, which are adapted and incorporated in numerous multidimensional access methods. To illustrate the methods, we introduce a small scenario that we shall use as a running example throughout this survey. The scenario, depicted in Figure 9, contains ten points pi and ten polygons ri, randomly distributed in a finite two-dimensional universe. To represent polygons, we shall often use their centroids ci (not pictured) or their minimum bounding boxes (MBBs) mi. Note that the quality of the MBB approximation varies considerably. The MBB m8, for example, provides a fairly tight fit, whereas r5 is only about half as large as its MBB m5.

Figure 9: Running Example

3.2.1 The K-D-Tree (Bentley 1975; Bentley 1979)

One of the most prominent d-dimensional data structures is the k-d-tree. The k-d-tree is a binary search tree that represents the recursive subdivision of the universe into subspaces by means of (d − 1)-dimensional hyperplanes. The hyperplanes are iso-oriented, and their direction alternates between the d possibilities. For d = 3, for example, splitting hyperplanes are alternately parallel to the x − y−, the x − z−, and the y − z−plane (possibly in some other order). Each splitting hyperplane has to contain at least one data point, which is used for its representation in the tree. Interior nodes have one or two descendants each and function as a discriminator to guide the search. Searching and insertion of new points are straightforward operations. Deletion is somewhat more complicated and may cause a reorganization of the subtree below the data point to be deleted.

Figure 10 shows a k-d-tree for the running example. Because the tree can only handle points, we represent the polygons by their centroids ci. The first splitting line is the vertical line crossing c3. We therefore store c3 in the root of the corresponding k-d-tree. The next splits occur along horizontal lines crossing p10 (for the left subtree) and c7 (for the right subtree), and so on.

One disadvantage of the k-d-tree is that the structure depends on the order in which the points are inserted. Another one is that data points are scattered all over the tree. The adaptive k-d-tree (Bentley and Friedman 1979) solves these problems by choosing

Figure 10: K-D-Tree

a split such that one finds about the same number of elements on both sides. While the splitting hyperplanes are still parallel to the axes, they do not have to contain a data point and their directions do not have to be strictly alternating anymore. As a result, the split points are not part of the input data; all data points are stored in the leaves. Interior nodes contain the dimension (e.g. x or y) and the coordinate of the corresponding split. Splitting is continued recursively until each subspace contains only a single point. The adaptive k-d-tree is not a very dynamic structure; it is obviously difficult to keep the tree balanced in the presence of frequent insertions and deletions. The structure works best if all the data is known a priori and if updates are rare. Figure 11 shows an adaptive k-d-tree for the running example.

Figure 11: Adaptive K-D-Tree

Another variant of the k-d-tree is the bintree (Tamminen 1984). This structure partitions the universe recursively into d-dimensional boxes of equal size until each one contains only a single point. Even though this kind of partitioning is less adaptive, it has several advantages, such as the implicit knowledge of the partitioning hyperplanes. In the remainder of this text, we shall encounter several other structures that are based on this kind of partitioning.

3.2.2 The BSP Tree (Fuchs, Kedem, and Naylor 1980; Fuchs, Abram, and Grant 1983)

Splitting the universe only along iso-oriented hyperplanes is a severe restriction in the schemes presented so far. Allowing arbitrary orientations gives more flexibility to find a hyperplane that is well-suited for the split. A well–known example for such a method is the binary space partitioning (BSP) tree. Like k-d-trees, BSP trees are binary trees that represent a recursive subdivision of the universe into subspaces by means of (d − 1)– dimensional hyperplanes. Each subspace is subdivided independently of its history and of the other subspaces. The choice of the partitioning hyperplanes depends on the distribution of the data points in a given subspace. The decomposition usually continues until the number of points in each subspace is below a given threshold.

The resulting partition of the universe can be represented by a BSP tree, where each hyperplane corresponds to an interior node of the tree and each subspace corresponds to a leaf. Each leaf stores references to those data points that are contained in the corresponding subspace. Figure 12 shows a BSP tree for the running example with no more than two data points per subspace.

Figure 12: BSP Tree

In order to perform a point search, we insert the search point into the root of the tree and determine on which side of the corresponding hyperplane the point is located. Next, we insert the point into the corresponding subtree and proceed recursively until we reach a leaf of the tree. Finally, we have to examine the points that are contained in the corresponding subspace whether they coincide with the search point. The range search algorithm is a straightforward generalization.

BSP trees can adapt well to the distribution of the data in the database. However, they are typically not balanced and may have very deep subtrees, which has a negative impact on tree performance. BSP trees also have higher space requirements, since storing an arbitrary hyperplane per split occupies more storage space than a discriminator, which is typically just a real number.

3.2.3 The Quadtree

The quadtree with its many variants is a close relative of the k-d-tree. For an extensive discussion of this structure, see (Samet 1984; Samet 1989; Samet 1990). While the term quadtree usually refers to the two-dimensional variant, the basic idea applies to arbitrary d. Like the k-d-tree, the quadtree decomposes the universe by means of iso-oriented hyperplanes. An important difference, however, is the fact that quadtrees are not binary trees anymore. In d dimensions, the interior nodes of a quadtree have 2^d descendants, each corresponding to an interval-shaped partition of the given subspace. These partitions do not have to be of equal size, although that is often the case. For d = 2, for example, each interior node has four descendants, each corresponding to a rectangle. These rectangles are typically referred to as the NW, NE, SW, and SE quadrants. The decomposition into subspaces is usually continued until the number of objects in each partition is below a given threshold. Quadtrees are therefore not necessarily balanced; subtrees corresponding to densely populated regions may be deeper than others.

Searching in a quadtree is similar to searching in an ordinary binary search tree. At each level, one has to decide which of the four subtrees need to be included in the future search. In the case of a point query, only one subtree qualifies, whereas for range queries there may be several. We repeat this search step recursively until we reach the leaves of the tree.

Finkel and Bentley (1974) proposed one of the first variants: It is called point quadtree and is essentially a multidimensional binary search tree. The point quadtree is constructed consecutively by inserting the data points one by one. For each point, we first perform a point search. If we do not find the point in the tree, we insert it at the leaf node where the search has terminated. The corresponding partition is divided into 2^d subspaces with the new point at the center. The deletion of a point requires the restructuring of the subtree below the corresponding quadtree node. A simple way to achieve this is to reinsert all points in the subtree. Figure 13 shows a two-dimensional point quadtree for the running example.

Figure 13: Point Quadtree

Another popular variant is the region quadtree (Samet 1984). Region quadtrees are based on a regular decomposition of the universe, i.e., the 2^d subspaces resulting from a partition are always of equal size. For the running example, Figure 14 shows how region quadtrees can be used to represent sets of points. Here the threshold for the number of points in any given subspace was set to one. In more complex versions of the region quadtree, such as the PM quadtree (Samet and Webber 1985), it is also possible to store polygonal data directly. PM quadtrees divide the quadtree regions (and the data objects in them) until they contain only a small number of polygon edges and vertices. These edges and vertices (which together form an exact description of the actual data objects) are then attached to the leaves of the tree. Another class of quadtree structures has been designed for the management of collections of rectangles; see (Samet 1988) for a survey.

Figure 14: Region Quadtree

4 Point Access Methods

The multidimensional data structures presented in the previous section do not take secondary storage management explicitly into account. They have originally been designed for main memory applications where all the data is available without accessing the disk. Despite growing main memories, this is of course not always the case. Especially in many spatial database applications, such as geography, the amount of data to be managed is notoriously large. While one can certainly use main memory structures for data that resides on disk, their performance will often be considerably below the optimum because there is no control over the way the operating system performs the disk accesses. The access methods presented in this and the following section have been designed with secondary storage management in mind. Their operations are closely coordinated with the operating system to ensure that overall performance is optimized.

As mentioned before, we shall first present a selection of point access methods (PAMs). Usually, the points in the database are organized in a number of buckets, each of which corresponds to a disk page and to some subspace of the universe. The subspaces (often referred to as bucket regions or simply regions, even though their dimension may be greater than two) need not be rectilinear, although they often are. The buckets are accessed by means of a search tree or some hashing scheme.

The grid file (Nievergelt, Hinterberger, and Sevcik 1984), for example, uses a directory and a grid–like partition of the universe to answer an exact match query with exactly two disk accesses. Furthermore, there are multidimensional hashing schemes (Tamminen 1982; Kriegel and Seeger 1986; Kriegel and Seeger 1988), multilevel grid files (Whang and Krishnamurthy 1985; Hutflesz, Six, and Widmayer 1988b), and hash trees (Ouksel 1985; Otoo 1985; Freeston 1987), which organize the directory as a tree structure. Tree–based access methods are usually a generalization of the B–tree (Bayer and McCreight 1972) to higher dimensions, such as the k-d-B-tree (Robinson 1981) or the hB-tree (Lomet and Salzberg 1989).

In the sequel, we first discuss the approaches based on hashing, then continue with hierarchical (tree-based) access methods. This classification is hardly unambiguous, especially in the presence of an increasing number of hybrid approaches that attempt to combine the advantages of several different techniques. Seeger and Kriegel (1990a) propose another interesting taxonomy, which classifies point access methods according to the properties of the bucket regions (Table 1). First, they may be pairwise disjoint or they may have mutual overlaps. Second, they may have the shape of an interval (box) or they be of some arbitrary polyhedral shape. Third, they may cover the complete universe or just those parts that contain any data objects. This taxonomy results in eight classes, four of which are populated by existing access methods.

4.1 Multidimensional Hashing

Although there is no total order for objects in two- and higher-dimensional space that completely preserves spatial proximity, there have been numerous attempts to construct hashing functions that preserve proximity in the hashing order at least to some extent. The goal of all these heuristics is that objects that are located close to each other should be stored close together on the disk with high probability. This could contribute substantially to minimizing the number of seek operations per range query. We begin our presentation with several multidimensional hashing structures based on extendible hashing. Structures based on linear hashing are discussed in Section 4.1.6, and 4.1.7 presents the buddy tree, a hybrid method.

4.1.1 The Grid File (Nievergelt, Hinterberger, and Sevcik 1984)

As a typical representative for an access method based on hashing, we will first discuss the grid file and some of its variants (Hinrichs 1985; Ouksel 1985; Whang and Krishnamurthy 1985; Six and Widmayer 1988; Blanken et al. 1990). The grid file superimposes a d-dimensional orthogonal grid on the universe. Because the grid is not necessarily regular, the resulting cells may be of different shapes and sizes. A grid directory associates one or more of these cells with data buckets, which are stored on one disk page each. Each cell is associated with one bucket, but a bucket may contain several cells. Since the directory may grow large, it is usually kept on secondary storage. To guarantee that data items are always found with no more than two disk accesses, the grid itself is kept in main memory, represented by d one-dimensional arrays called scales. Average space occupancy of the grid file was proven to be around 69% (ln 2).

property point access method intervals complete disjoint

× × × quadtree (Finkel and Bentley 1974; Samet

1984), k–d–B tree (Robinson 1981), EXCELL (Tamminen 1982), multidimensional extendible hashing (Otoo 1984), interpolation hashing (Burkhard 1983), grid file (Nievergelt, Hinterberger, and Sevcik 1984), balanced multidimensional two–level grid file (Hinrichs 1985), interpolation–based grid file (Ouksel 1985), MOLHPE (Kriegel and Seeger 1986), extendible hash tree (Otoo 1985), PLOP-hashing (Kriegel and Seeger 1988), quantile hashing (Kriegel and Seeger 1989), LSD tree (Henrich, Six, and Widmayer 1989) × × twin grid file (Hutflesz, Six, and Widmayer 1988b) × × multilevel grid file (Whang and Krishnamurthy 1985), buddy tree (Seeger and Kriegel 1990a) × × BSP tree (Fuchs, Kedem, and Naylor 1980), BANG file (Freeston 1987), hB–tree (Lomet and Salzberg 1989)

Table 1: Classification of PAMs According to Seeger and Kriegel (1990a)

Figure 15 shows a grid file for the running example. We assume bucket capacity to be four data points. The center of the figure shows the root directory with scales on the x- and y-axes. The data points are pictures in this directory for demonstration purposes only, they are of course not stored there. In the lower left part, four cells are combined to a single bucket, represented by four pointers to a single page. Hence there are four directory entries for the same page, which illustrates a well-known problem of the grid file: the excessive growth of the directory (Regnier 1985; Widmayer 1991). The bucket region containing the point c5 could have been merged with one of the neighboring buckets for better storage utilization. Combining such buddies may cause problems later, however, when trying to combine buckets that are underoccupied (Hinrichs 1985; Seeger and Kriegel 1990a). This is a tradeoff that has to be solved depending on the particular application at hand.

To answer an exact match query, one first uses the scales to locate the cell containing the search point. If the appropriate cell is not in main memory, one disk access is necessary. The loaded cell contains a reference to the page where to find possibly matching data. Retrieving this page may require another disk access. Altogether no more than two page accesses are necessary to answer the query. For a range query, one has to examine all cells that overlap the search region. After eliminating duplicates, one fetches the corresponding data pages into memory for a more detailed inspection.

Figure 15: Grid File

To insert a point, one first performs an exact match query to locate the cell and the data page ν_i where the entry should be inserted. If there is sufficient space left on ν_i, the new entry is inserted. If not, a splitting hyperplane H is introduced and a new data page ν_j is allocated. The new entry and the entries of the original page ν_i are redistributed among ν_i and ν_j , depending on their location relative to H. H is inserted into the corresponding scale; all cells that intersect H are split accordingly. Splitting is therefore not a local operation and can lead to an exponential growth of the directory (Regnier 1985; Freeston 1987; Widmayer 1991).

Deletion is not a local operation either. With the deletion of an entry, the storage utilization of the corresponding data page may drop below the given threshold. Depending on the current partitioning of space, it may then be possible to merge this page with a neighbor page and to drop the partitioning hyperplane from the corresponding scale. To check for this requires a complete scan of the grid directory. Hinrichs (1985) discusses several methods for finding candidates with which a given data bucket can merge, including the neighbor system and the multidimensional buddy system. The neighbor system allows to merge two adjacent regions as long as the result is a rectangular region again. In the buddy system, two adjacent regions can be merged provided that the joined region can be obtained by a regular binary subdivision of the universe. Both systems are not able to eliminate completely the possibility of a deadlock, where no merging is feasible because the resulting bucket region would not be box-shaped (Hinrichs 1985; Seeger and Kriegel 1990b). For a theoretical analysis of the grid file and some of its variants see (Regnier 1985) or (Becker 1992).

4.1.2 EXCELL (Tamminen 1982)

A close relative of the grid file is the EXCELL method (EXtendible CELL) proposed by Tamminen (1982). In contrast to the grid file, where the partitioning hyperplanes may be spaced arbitrarily, the EXCELL method decomposes the universe in a regular manner; all grid cells are of equal size. In order to maintain this property in the presence of insertions, each new split results in the halving of all cells and therefore in the doubling of the directory size. To alleviate this problem, Tamminen (1983) later suggested a hierarchical method, similar to the multilevel grid file of Whang and Krishnamurthy (1985). Overflow pages are introduced to limit the depth of the hierarchy.

4.1.3 The Two-Level Grid File (Hinrichs 1985)

The basic idea of the two-level grid file is to use a second grid file to manage the grid directory. The first of the two levels is called the root directory, which is a coarsened version of the second level, the actual grid directory. Entries of the root directory contain pointers to the directory pages of the lower level, which in turn contain pointers to the data pages. By having a second level, splits are often confined to the subdirectory regions without affecting too much of their surroundings. Even though this modification leads to a slower growth of the directory, it does not solve the problem completely. Figure 16 shows a two-level grid file for the running example. Each cell in the root directory has a pointer to the corresponding entries in the subdirectory, which have their own scales in turn.

4.1.4 The BANG File (Freeston 1987)

One of the first proposals addressing the exponential growth of the directory was the interpolation-based grid file (Ouksel 1985). Interpolation-based grid files avoid this particular problem by representing blocks explicitly, which guarantees that there is only one directory entry for each data bucket. The disadvantage of this approach is that empty regions have to be introduced in the case of skewed data input.

To obtain a better adaption to the given data points, Freeston (1987) proposed a similar structure called the BANG (Balanced And Nested Grid) file. Like the grid file, the BANG file partitions the universe into intervals (boxes). What is different, however, is that in the BANG file bucket regions may intersect, which is not possible in the regular grid file. In particular, one can form non-rectangular bucket regions by taking the geometric difference of two or more intervals (nesting). To increase storage utilization, it is possible during insertion to redistribute points between the different

Figure 16: Two-Level Grid File

buckets. To manage the directory, the BANG file uses a balanced search tree structure. In combination with the hash-based partitioning of the universe, the BANG file can therefore be viewed as a hybrid structure.

Figure 17 shows a BANG file for the running example. Three rectangles have been cut out of the universe R1: R2, R5, and R6. In turn, the rectangles R3 and R4 are nested into R2 and R5, respectively.

4.1.5 The Twin Grid File (Hutflesz, Six, and Widmayer 1988b)

The twin grid file tries to increase space utilization compared to the regular grid file by introducing a second grid file. As indicated by the name “twin,” the relationship

Figure 17: BANG File

between these two grid files is not hierarchical, as in the case of the two-level grid file, but somewhat more balanced. Both grid files are spanning the whole universe and the distribution of the data among the two files is performed dynamically. Hutflesz et al. (1988b) report an average occupancy of 90% for the twin grid file (compared to 69% for the standard grid file) without experiencing substantial performance penalties.

To illustrate the underlying technique, consider the running example depicted in Figure 18. Let us assume that each bucket can accommodate four points. If the number of points in a bucket exceeds that limit, one possibility is to create a new bucket and to redistribute the points among the two new buckets. Before doing so, however, the twin grid file tries to redistribute the points among the two grid files. A transfer of points from the primary file P to the secondary file S may lead to a bucket overflow in S. It may, however, also imply a bucket underflow in P , which may in turn lead to a bucket merge and therefore to a reduction of buckets in P . The overall objective of the reshuffling is to minimize the total number of buckets in the two grid files P and S. Therefore we shift points from P to S if and only if the resulting decrease in the number of buckets in P outweighs the increase in the number of buckets in S. This strategy also favors points to be placed in the primary file in order to form large and empty buckets in the secondary file. Consequently, all points in S can be associated with an empty or a full bucket region of P . It should be pointed out that there usually exists no unique optimum for the distribution of the data points among the two files.

The fact that data points may be found in either of the two grid files requires that search operations visit the two files, which causes some overhead. Nevertheless, the performance results reported by Hutflesz et al. (1988b) prove that the search efficiency of the twin grid file is competitive with the standard grid file. While the twin grid file is somewhat inferior to the standard grid file for smaller query ranges, this changes for larger search spaces.

Figure 18: Twin Grid File

4.1.6 Multidimensional Linear Hashing

Unlike multidimensional extendible hashing, multidimensional linear hashing uses no or only a very small directory. It therefore uses relatively little storage compared to extendible hashing, and it is usually possible to keep all relevant information in main memory.

Several different strategies have been proposed to perform the required address computation. While early proposals (Ouksel and Scheuermann 1983) failed to support range queries, Kriegel and Seeger (1986) later proposed a variant of linear hashing called multidimensional order-preserving linear hashing with partial expansions (MOLHPE). This structure is based on the idea of partially extending the buckets without expanding the file size at the same time. To this end, they use an expansion pointer ep = (ep_1, ..., ep_d) referring to the group of pages that will be expanded next. With this strategy, Kriegel and Seeger can guarantee a modest file growth, at least in the case of well-behaved data. According to their experimental results, MOLHPE outperforms its competitors for uniformly distributed data. It fails, however, for non-uniform distributions, mostly because the hashing function does not adapt gracefully to the given distribution.

To solve this problem, the same authors later applied a stochastic technique (Burkhard 1984) to determine the split points. Because of the name of that technique (α-quantiles), the access method has been called quantile hashing (Kriegel and Seeger 1987; Kriegel and Seeger 1989). The critical property of the binary division in quantile hashing is that the original data, which may have a non-uniform distribution, is transformed into uniformly distributed values for α. These values are then used as input to the MOLHPE algorithms for retrieval and update. Since the region boundaries are not necessarily simple binary intervals, a small directory is needed. In exchange, skewed input data can be maintained as efficiently as uniformly distributed data. PLOP (piecewise linear order-preserving) hashing has been proposed by the same authors one year later (Kriegel and Seeger 1988). Because this structure can also be used as an access method for extended objects, we delay its discussion until Section 5.6.1.

Another variant that has better order-preserving properties than MOLHPE has been reported by Hutflesz, Six, and Widmayer (1988a). Their dynamic z-hashing uses a space-filling technique called z-ordering (Orenstein and Merrett 1984) to guarantee that points that are located close to each other are also stored close together on the disk. Z-ordering will be described in detail in Section 5.2.1. One disadvantage of zhashing is that a number of useless data blocks will be generated, similar as in the case of the interpolation-based grid file (Ouksel 1985). On the other hand, z-hashing allows to read three to four buckets in a row on the average before a seek is required, whereas MOLHPE manages to read only one (Hutflesz et al. 1988a). Widmayer (1991) later noted, however, that both z-hashing and MOLHPE are of limited scope due to their inability to adapt to different data distributions.

4.1.7 The Buddy Tree (Seeger and Kriegel 1990a)

The buddy tree is a dynamic hashing scheme with a tree-structured directory. The tree is constructed by consecutive insertion, cutting the universe recursively into two parts of equal size with iso-oriented hyperplanes. Each interior node ν corresponds to a ddimensional partition P^d(ν) and to an interval I^d(ν) ⊆ P^d(ν). I^d(ν) is the MBB of the points or intervals below ν. Partitions P^d (and therefore intervals I^d) that correspond to nodes on the same tree level are mutually disjoint. As in all tree-based structures, the leaves of the directory point to the data pages. Other important properties of the buddy tree include:

1. Each directory node contains at least two entries.

2. Whenever a node ν is split, the MBBs I^d(ν_i) and I^d(ν_j ) of the two resulting subnodes ν_i and ν_j are recomputed to reflect the current situation.

3. Except for the root of the directory, there is exactly one pointer referring to each directory page.

Due to property 1, the buddy tree may not be balanced, i.e., the leaves of the directory may be on different levels. Property 2 tries to achieve a high selectivity at the directory level. Properties 1 and 3 make sure that the growth of the directory remains linear. To avoid the deadlock problem of the grid file, the buddy tree uses k-d-tries (Orenstein 1982) to partition the universe. Only a restricted number of buddies are admitted, namely those that could have been obtained by some recursive halving of the universe. However, as shown in (Seeger and Kriegel 1990a; Seeger and Kriegel 1990b) the number of possible buddies is larger than in the grid file and other structures, which makes the buddy tree more flexible in the case of updates. Experiments by Kriegel et al. (1990) indicate that the buddy tree is superior to several other PAMs, including the hB-tree, the BANG file, and the two-level grid file. A buddy tree for the running example is shown in Figure 19.

The interpolation-based grid file by Ouksel (1985) and the balanced multidimensional extendible hash tree by Otoo (1986) are both special cases of the buddy tree; they can be obtained by restricting the properties of the regions.

Figure 19: Buddy Tree

4.2 Hierarchical Access Methods

In this section we discuss several PAMs that are based on a binary or a multiway tree structure. Other than the buddy tree, which is a hybrid structure, they do not perform any address computation. Like hashing-based methods, however, they organize the data points in a number of buckets. Each bucket usually corresponds to a leaf node of the tree (also called data node) and to a disk page, which contains those points that are located in the corresponding bucket region. The interior nodes of the tree (also called index nodes) are used to guide the search; each of them typically corresponds to a larger subspace of the universe that contains all bucket regions in the subtree below. A search operation is then performed by a top-down tree traversal.

Differences between tree structures are mainly based on the characteristics of the regions. Table 1 on page 20 showed that in most PAMs the regions at the same tree level form a partitioning of the universe, i.e., they are mutually disjoint, with their union being the complete space. For SAMs this is not necessarily true; as we will see in Section 5, overlapping regions and partial coverage are important techniques to improve the search performance of SAMs.

4.2.1 The K-D-B-Tree (Robinson 1981)

The k-d-B-tree combines the properties of the adaptive k-d-tree (Bentley and Friedman 1979) and the B-tree (Comer 1979) to handle multidimensional points. It partitions the universe in the manner of an adaptive k-d-tree and associates the resulting subspaces with tree nodes. Each interior node corresponds to an interval-shaped region. Regions corresponding to nodes on the same tree level are mutually disjoint; their union is the complete universe. The leaf nodes store the data points that are located in the corresponding partition. Like the B-tree, the k-d-B-tree is a perfectly balanced tree that adapts well to the distribution of the data. Other than for B-trees, however, no minimum space utilization can be guaranteed. A k-d-B-tree for the running example is sketched in Figure 20.

Search queries are answered in a straightforward manner, analogously to the k-d-tree algorithms. For the insertion of a new data point, one first performs a point search to locate the right bucket. If this data node is not full, the entry is inserted. Otherwise, it is split and about half of the entries are shifted to the new data node. In order to find an optimal split, various heuristics are available (Robinson 1981). If the parent index node does not have enough space left to accommodate the new entries, a new page is allocated and the index node is split by a hyperplane. The entries are distributed among the two pages, depending on their position relative to the splitting hyperplane, and the split is propagated up the tree. The split of the index node may also affect regions at lower levels of the tree, which have to be split by this hyperplane as well. Because of this forced split effect, it is not possible to guarantee a minimum storage utilization.

Deletion is straightforward. After performing an exact match query, the entry is removed. If the number of entries drops below a given threshold, the data node may be merged with a sibling data node as long as the union remains a d-dimensional interval. The procedure to find a suitable sibling node to merge with may involve several nodes. The union of data pages results in the deletion of at least one hyperplane in the parent index node. If an underflow occurs, the deletion has to be propagated up the tree.

Figure 20: K-D-B-Tree

4.2.2 The hB-Tree (Lomet and Salzberg 1989; Lomet and Salzberg 1990)

The hB-tree (holey brick tree) is a relative of the k-d-B-tree in that it utilizes k-d-trees to organize the space represented by its interior nodes. One of the most noteworthy differences is that the splitting of the node is done based on multiple attributes. As a result, nodes no longer correspond to d-dimensional intervals, but to intervals from which smaller intervals have been excised. Similar to the BANG file, the result is a somewhat fractal structure (a holey brick) with an external enclosing region and several cavities called extracted regions. As we will see later, with this technique the cascading of splits that is typical for many other structures can be avoided.

In order to minimize redundancy, the k-d-tree corresponding to an interior node can have several leaves pointing to the same child node. Strictly speaking, the hB-tree is therefore no longer a tree but a directed acyclic graph. With regard to the geometries, this results in forming the union of the corresponding regions. As in the case of the BANG file, which is based on the difference of regions only, the resulting region may not be rectangular anymore. This peculiarity is illustrated in Figure 21, which shows an hB-tree for the running example. Here the root node contains two pointers to its left descendant node. Its corresponding region u is the union of two rectangles: the one to the left of x1 and the one above y1. The remaining space (the right lower quadrant) is excluded from u, which is made explicit by the entry ext in the corresponding k-d-tree. A similar observation applies to region G, which is again L-shaped: it corresponds to the NW, the SE, and the NE quadrant of the rectangle above y1.

Figure 21: hB-Tree

Searching is similar to the k-d-B-tree; each internal k-d-tree is traversed as usual. The performance for one-dimensional searches is competitive with the B^+-tree. Insertions are also carried out analogously to the k-d-B-tree until a leaf node reaches its capacity and a split is required. Instead of using just a single hyperplane to split the node, the hB-tree split is based on more than one attribute and on the internal k-d-tree of the data node to be split. Lomet and Salzberg (1989) show that this policy guarantees a worst-case data distribution between the two resulting two nodes of 1/3 : 2/3.

The split of the leaf node causes the introduction of an additional k-d-tree node to describe the resulting subspace. This may in turn lead to the split of the ancestor node and its k-d-tree. Since k-d-trees are not height-balanced, splitting the tree at its root may lead to an unbalanced distribution of the nodes. The tree is therefore usually split at a lower level, which corresponds to the excision of a convex region from the space corresponding to the node to be split. The entries belonging to that subspace are extracted and moved to a new hB-tree node. To reflect the absence of the excised region, the hB-tree node is assigned an external marker, which indicates that the region is no more a simple interval. With this technique the problem of forced splits is avoided, i.e., splits are local and do not have to be propagated downwards.

In summary, the leaf nodes of the internal k-d-trees are used to

• reference a collection of data records;

• reference other hB-tree nodes;

• indicate that a part of this tree has been extracted.

Although the hB-tree has several advantages compared to other structures, there are some features that may cause problems in certain applications. First, one may store redundant references to child nodes, which may lead to a superlinear growth of the index in the case of skewed data. Second, it seems rather complicated to delete objects and to perform the restructuring that may be required afterwards. No algorithm has been published so far; according to the inventors of the hB-tree, an algorithm exists, albeit complicated, since a number of cases need to be considered.

In a recent Ph.D. thesis (Evangelidis 1994), the hB-tree has been extended to allow for concurrency and recovery. The new structure is called the hB^Π-tree.

4.2.3 The LSD Tree (Henrich, Six, and Widmayer 1989)

We list the LSD (Local Split Decision) tree as a point access method although it has been emphasized by its authors that the structure can also be used for managing extended objects. This claim is based on the fact that the LSD tree adapts well to data that is non-uniformly distributed and that it is therefore well-suited for using it in connection with the transformation technique; a more detailed discussion of this approach follows in Section 5.1.1.

The directory of the LSD tree is organized as an adaptive k-d-tree, partitioning the universe into disjoint cells of various sizes. In comparison to the fixed binary partitioning, this results in a better adaption to the data distribution. While the k-d-tree may be arbitrarily unbalanced, the LSD tree is height-balanced. This property is maintained by a special paging algorithm. If the structure becomes too large to fit in main memory, this algorithm identifies subtrees that can be paged out such that the external balancing property is preserved. Figure 22 shows an LSD tree for the running example with one external directory page.

As indicated above, the split strategy of the LSD tree does not assume that the data is uniformly distributed. On the contrary, it tries to accomodate skewed data by combining two split strategies:

• data dependent (SP_1):

The choice of the split depends on the data and tries to achieve a most balanced

Figure 22: LSD Tree

structure, i.e., there should be an equal number of objects on both sides of the split. As the name of the structure suggests, this split decision is made locally.

• distribution dependent (SP_2):

The split is done at a fixed dimension and position. The given data is not taken into account because an underlying (known) distribution is assumed.

To determine the split position SP , we form the linear combination of the split locations that would result from applying just one of those strategies:

SP = αSP_1 + (1 − α)SP_2

The factor α is determined empirically based on the given data; it can vary as objects are inserted and deleted from the tree.

5 Spatial Access Methods

5.1 Managing Extended Objects

All multidimensional access methods presented in the previous section have been designed to handle sets of data points and to support spatial searches on them. None of those methods is directly applicable to databases containing objects with a spatial extension. Typical examples include geographic databases, containing mostly polygons, or mechanical CAD data, consisting of three-dimensional polyhedra. In order to handle such extended objects, point access methods have been modified using one of the following three techniques (Seeger and Kriegel 1988; Ooi 1990), which we shall discuss in the sequel:

1. Transformation (Object Mapping)

2. Overlapping Regions (Object Bounding)

3. Clipping (Object Duplication)

5.1.1 Transformation

Objects with a simple geometric structure, such as circles or rectangles, can be represented as points in a higher-dimensional space (Hinrichs 1985; Seeger and Kriegel 1988). For example, it takes four real numbers to represent a (two-dimensional) rectangle in E^2. Those numbers may be interpreted as coordinates of a point in E^4. One possibility is to take the x- and y-coordinates of two diagonal corners (endpoint transformation), another option is based on the centroid and two additional parameters for the extension of the object in x- and y-direction (midpoint transformation). Any such transformation maps a database of rectangles onto a database of 4-dimensional points, which can then be managed by one of the PAMs discussed in the previous section. Search operations can be expressed as point and region queries in this dual space.

Figure 23 shows the dual space equivalents of some common queries. For simplicity of presentation the figure shows a mapping from intervals in E^1 to points in E^2. The upper part depicts the results for the endpoint transformation, the lower for the midpoint transformation. Figure 23a shows the transformation result for the range query with the search range [l, u]. In dual space this range query maps into a general region query. Any point in dual space that lies in the shaded area corresponds to an interval in original space that overlaps the search interval [l, u], and vice versa. Enclosure and containment queries with the interval [l, u] as argument also map into general region queries (Figure 23b). A point query, finally, maps into a range query for the endpoint transformation. If the midpoint transformation has been employed, however, the point query translates into a general region query as well. Figure 23c gives an example with p as the (one-dimensional) query point.

Despite its conceptual elegance, this approach has several disadvantages. First, as the examples above have already indicated, the formulation of point and range queries in dual space is usually much more complicated than in the original space (Nievergelt and Hinrichs 1987). Finite search regions may map into infinite search regions in dual space, and some more complex queries (such as distance-based queries) may not be expressible at all anymore (Henrich et al. 1989; Orenstein 1990; Pagel et al. 1993). Second, depending on the chosen mapping, the distribution of points in dual space may be highly non-uniform even though the original data is uniformly distributed. With the endpoint transformation, for example, there are no image points below the main diagonal (Faloutsos et al. 1987). Third, the images of two objects that are close in original space may be arbitrarily far apart from each other in dual space. If we use a tree structure as PAM, these problems may cause serious performance penalties (Greene 1989). Non–hierarchical index structures, such as the grid file or EXCELL, seem to suffer less from these disadvantages (Nievergelt and Hinrichs 1987).

To overcome some of these problems, Henrich et al. (1989), Faloutsos and Rong (1991), as well as Pagel et al. (1993) have proposed special transformation and split strategies. A structure that was designed explicitly to be used in connection with the transformation technique is the LSD tree (Henrich et al. 1989) described in Section 4.2.3. Performance studies by Henrich and Six (1991) confirm the claim that the LSD tree adapts well to non-uniform distributions, which is of particular relevance in this context. It also contains a mechanism to avoid searching large empty query spaces,

(a) (b) (c)

Figure 23: Search Queries in Dual Space

which may occur as a result of the transformation.

Finally, one has to keep in mind that the transformation approach is only applicable to “simple” objects, such as circles or rectangles. More complex entities, such as polygons with arbitrary shapes, must be approximated by an MBB or some other simple geometry before being transformed. In this case, using a PAM as described above only leads to a partial solution (cf. Fig. 2).

Space-filling curves (Sagan 1994) are an interesting alternative to the usual MBB approach that seems to suffer less from these drawbacks. In z-ordering (Orenstein and Merrett 1984), for example, a complex object is approximated not only by one simpler geometry, but by the union of several rectangular regions. Each region is transformed into a bitstring and stored in a B^+-tree. Section 5.2 contains further details.

5.1.2 Overlapping Regions

The key idea of the overlapping regions technique is to allow different data buckets in an access method to correspond to mutually overlapping subspaces. With this method we can assign any extended object directly and as a whole to one single bucket region. Consider, for instance, the k-d-B-tree for the running example, depicted in Figure 20 (page 28), and one of the polygons given in the scenario (Figure 9, page 14), say r10. r10 overlaps two bucket regions, the one containing p10, c1 and c2, and the other one containing c10 and p9. If we extend one of those regions to accommodate r10, this ed in 3585 be repre- tec 585 -1sine.bop0(p)q(oly-)020322222llgrestoreer suc moe(this5438)g(extensiod(teeviticayer)h(ad(is)f(to)f)f(3b(o)o(vΩ)o(erlne)g(of)h(regions23751194j(Searc)o(,)ilgor(Wilems)b(can)g(b)q(e)fΩ(appeted)hli(moe,)enmec)o(hgrmed2521b(The)16f(onlhΩg(differces(e)hΩ(one)duple)65176y(td)g(the)k(fand)g(than)g(the)g(o)o(v)o(erlms)g(maΩ(ady)g(creasine)h(the)b(n)o(um)o(b)q()s)h(of)h(searc)o(h)sepaies)g(v)o(e)Ωb(ha)o(v)o(ggΩ(to)y(follo)oon.)70427E(ev)o(en)f(a)g(p)q(oin)o(n)gΩ(quers)g(ma)o(y)rg(eqree,)i(the)(oin)giv)o(tigrmation)h(of)m(n)oΩltip(dle)j(searc)o(h)sepaies)g(b)q(ecausg)i(ther1904Ωy)g(ma)o(k)g(b)q(i)g(sev)o(erafFm(subspac)e)h(ae)g(an)o(hb(inder)h(o(vΩ)olce)h(thad)f(includk)i(thd)h(searc)o(h)s(p)q(oin)oed25Ω1b(F)l(or)17g(rang082096y(aneΩb(region)i(quering,)g(thf)g(a)o(vΩ)o((page)b(n)o(um)o(b)q()s)h(og)h(searc)o(h)sepaies)g(creasis(h)h(as)i(w)Ωo(ece.)717427Hegance,)y(w14le)fenmditionicit)o(h)i(is)f(not)e(a)hΩ(probl(a)g(o(en)e(usinf)h(o)o(v)o(erlappint)h(regionsf)g(p)q(erfid-)92633(ormance)b(can)g(b)qes.)20T(thih)15h(is)f(particulctly)h(relevΩ)m(an)oe,)y(e(on)f(tht)h(spatiaf)h(databasg)f(con)o(tains)g(ob)s(jectsΩ92690w(Those912b(zeon)h(is)g(largy)rglrnativ)o(h)i(to)d(the)b(zeogΩ)g(of)f(thg)h(uh(v)o(eqes433b(T)o(ypica.)20e(exampleghΩ(onf((kno)oΩ(le)004256g(froe)14j(geographihfΩ(applirationh)y(erthe)f(onh)g(hasΩ)g(to)f(represen)o(d)h(ob)s(jecne)f(of)wnsictly)lev)mryop0(b(zeo0Ω1tΩ10yfΩ((suc)o(i)h(as)builbopads)y(aneΩsrotas91))y(in)y(the)s(naml)hΩ(spatial)h(databaal.)27b(Eac)o(h721b(insection)h(of)f(a)newo0Ω1t5369h(datc)g(ob)s(ject)g(ma)o(y)g(creasini)y(the)g(o)o(v)o(erlmhΩ)e(and)i(thefymore)f(tht)(ha)o(v)o((page)b(n)o(um)o(b)q()i)h(of)h(searc)oΩ(h)sepaied)02315g(t.)20g(b)q(i)tr(ha)o(v)o(snded)p(b)q()s)g(queryΩ(es4)18E(ev)o(en)ouinally)l(.)23y(the)g(o)o(v)o(erlms)g(b)qg(t)o(wΩ)q(een)m(subspac)e)g(ma)o(y)g(b)q((somd)01872)g(large)g(thoughgΩ(to)fΩ((und)r)h(the)b(inder)virouinalle)b(ediΣciesen)o(t)g(b)q(ecause)f(onΩe)g(e(is)gpid)g(searc)o(hinn)02828i(moee)14f(of)h(the)b(inder)h(forΩ)h(a)g(singll)j(p)q(oin)o(y)e(query)l(.)21bih)15h(w)o(e–(knooΩ(lr)gΩ(exampnh)y(erthe)y(this)deg(gen-nn)08315atore)h(b)qb(ha)oi(for)g(haΩe)f(b)q(een)obs(tery)o(ct)f(i,)g(thf)R–B-tree)i(uttormtt)e(19;mhΩ)(Greenhy(1989).523b(sev)o(erah)04128i(mo)q(diΓlirationn)14Ωf(ha)o(v)o(e)f(b)q(eeh)k(presen)oedly)g(to)inaeviatorjfΩ(theseΩ)h(problems,)f(inclusing)i(d)g(tec)o(hnique)g(to391828Ωmtaim(zeojiΩ(the)f(o)o(v)o(erlmo)f(Roussb(op)85)tsos)g(anh(Leifo(k)oΩr)s)g(19);hd)h(e(:)j(nection)5.3.1n,)e(for)f(a)h(detarmedΩ1955y)g(discuation.)716Ω511Ahd)mta(for)Ω(probl(h)g(with)b(o)o(vΩ)o(erlapping)g(regions)g(conrains)hcom)o(gu(titial)hurusinf)b(insecti.)Ω.)20b(It)0567m(w)o(e521b(inseas)g(a)newod)h(ob)s(je,to)d(trple)hΩ(hall)g(usuallt)f(b)q(s)g(sev)o(eral)b(p)q(ossibileries)g(tc)g(g(largΩ,)i(a)m(subspaal)02194y(i.)20b(order)f(to)f(accommo)q(date)h(es4)52ΩI(i.)20prusciampleh)j(w)o(c)g(can)s(recelt)h(ma)o(y)m(subspaar)h(foaleΩ(extensionl)08300y(T)l(e)c(opm(zeoi)g(p)q(erforman,at)f(w)the)yueryΩ)g(to)inΔdof)h(the)m(subspaam)g(that)(ecauc)e)gtaimonal)h(additionae)0Ω3906y(o)o(v)o(erlon.)26b(If)18inot tak tqo toΩ couto(e)g(thl)b(p)q(ossngle)g(g(largumen)o(f)h(for)(sev)o(yen)gΩ(insecti,ce)0Ω793g(somr)geuru(tic)s)h(ma)o(y)f(b)q(g)h(usal.)30ΩW(e(of)18ahe)m(subspaah)need(is)f(tg)f(b)q(e)g(spl,es)g(v)o(fb(alsoΩ)yuerf)e(to)inΔdop04369ais splih that ovd(aley(o)o(v)o(erlon3521uttormt.)20)e(1984)f)(GreeniΩΩb((1989)egΩ(and)00906B(tec)kormiod(Ω(et)h(al.)20)e(1990)1311Ωb(suggeis)i(some)geuru(tics)y)h(for)f(this)h(probl.x-)0Ω2648yFk(5.3)5)22b(Clippine)01233yFb(Clippi–e-base1911Ωbarc)o(me(is)e((a)n(not)e(allo)o(t)h(ma)o(y)b(o)o(v)o(erlaph)g(b)qg(tΩ)g(v)o(een)f(buc)o(k)o(eg)g(regio;(e)g(ty))Ωb(ha)o(v)o(o)0Ω2876y(to)f(b)q(e)fFg(mutual)r(lm)i(djn(oin))pFm(4)52ΩAd,)20b(T)o(ypican)g(example)h(is)f(thl)R)10681922Ω1yFi(1098196958yF–B-treo)f(Stf(obr(tak)orms,)So(eisc2,)i(ans)0Ω425Hanstioc((1685;)g((eisc2,)Roussb(op)85)ts),)f(anfb(FΩ)l(aloutsos)i(1987,or)f(a)lev)mrim(an)oe,)f(of)h(the)R-B-trem thas ahe overlmf tweeh regions585 -1sine.bop0h to theresu, point follo e repr(parsinf)atof thewsuci singlht search).523b(F)l(or)52Ωg(larr)e search regionsg thisanta(y)g(b)q((socts)ii(sow(that)h(lesiy(si(diΓlisen)o(t)05850alf(thougd)f(tht)(ha)o(vΩ)o((page)b(n)o(um)o(b)q()s)h(og)sepaies)f(tg)f(b)q(g)tr(ha)o(v)o(snden)gΩhas)gt(hall)h(lesf)i(than)h(for)f(the)Rm(-tree.)71607Ω7y(Thd)g(maie)g(problemh)g(with)c(Clippice-basejy(approac)ooctdΩ)rglrno(e)g(to)f(thhb(insectiod)h(and)f(dely-)06963ectio.)22Ωh(of)g(data)h(ob)s(jecm(4)19Durusin.)22Ω(insecti,ci)h(ma)o(e)h(dataΩ)g(ob)s(ject)b(that)gpaains)mymore)f(f)f(3beend)8342828Ωy433 bucke, is tg beregionvidq(ed)ilosineiΩ(the)f(parectiop0h)h(T)o((b)q(plan(h)3)52ΩE(ev)o(en)ouinally)l(.)0256g(sev)o(eraf)18f(buc)o(k)o(ef(esen)oΩueriehΩb(ha)o(v)o(ggΩ(to)e(b)q(j(creatnded)g(for)g(the)s(namf(h(ob)sΩ(jeal.)27b(Eac)o(h721f(buc)o(k)o(et)pre-)sos)fi-20)0Ω312(othef)h(the)y(geometr,)f(of)h(the)f(comptthe)g(ob)s(ject)gΩFg(obje)n(ject)d(Dupler)nmationp)fFohef)h(the)y(geometr,)f(og)f(the)0Ω3695)g(-1sine.bop0h)f((pgumen)o(e)g(witiy(an)g(ob)s(ject)b(f13erceal.)27I(of)18a(ma)o(y)h(casef)g(data)i(ab)quhan)g(the)g(ob)sΩ(jec)Ω0425g(is)g(g(sp)qrbased)amosindg(sev)o(erat)h(data)apaget)gΩFg(s(Sp)nnaining)pver)odep. The7Ω7g(resuop0h)fFver namf(B-tree)l(sev)ol.dundrmay0, (Orensteis 19ata;Ω((Orensteij)i(19b;hd)Gsp anh(Gaed)f(5801694))g(ma)o(y)(ecausi)f(not)f(onlt)h(ms5438)g(creasink)i(in)f(thΩg)(ha)o(v)o((page)s(Searc)o(,)opmasef)bu(et)g(also)than creasini in eemay0t of bucke0751194g(o)o(v)o(diΠllo)osee.Seco(e)i(probl(t)f(is)rglrnoder)f(to)g(the)g(g(largumenΩ(tne)g(of)f(buc)o(k)o(et)h(regioal)hurusinhb(insectiils.Ω70427T(the)(oinsectiog)h(of)f(h)newon)g(data)o(Ob)s(ject)g(ma)o(y)(kno)oΩis)g(adng)g(t,)d(the)g(g(largumen)o(g)h(of)h(sev)o(erat)h(regions.Ω76194W(e((sev)o(se912g(the)g(ob)s(jeco)f((for)f(a)f((pgumen)o(eΩ)d(trph(otFm(h)f(is)paressed)dknooΩ(lr)o(to)f(a)f(buc)o(k)o(ef(f((f,ns)hΩ(in)Ω(the)82096cabase)f(of)a)D)g(tregy(structure,)than)f(in)o(ti(foΩh)nmmo)qp94))w(those)b(region)doap)q()f)e(not)cg(o)o(v)o(he)btAM,)h(taΩe)g(region)17427ha(ie)13f(tg)f(b)q(e)f(extendl(.)21Iion)14Ωf(some)cabasesh)j(suc)o(h)(can)g(g(largumen)o(g)is(a)n(not)rop)qΩ(ossngle)g(wiquhaf)y(ttppine)92633((cae912g(o)o(v)o(erlmh)g(with)gΩ(othea)f(buc)o(k)o(ef(g(regio;(i)f(this)Ωhas)ggeom/Tim(y)(elarmes)hΩ(thebFge)n(adnr)j(ln(jkes)hFi(probl(e)92690f(od)c(Clippial.)14ΩBq(ecausf)18g(o)o(v)o(erlmf)is(a)n(nog)e(allo)o(y)o(eds)g(v)o()Ωb(haΩ)o(v)o(ggΩ(tf(g(g(desie,)i(the)g(regiony(structurey)0Ω4256y(wsuc)o(r)12g(can)g(b)qc(some)sev)o(yee)f(complicat.If)20Ωb(It)21g(ma)o(y)g(is)paparticulay)(ecausf)g(furthea)f(buc)o(k)o(efΩg(o)o(v)o(diΠllo)osal)00396y(anh721b(insectisc2,)y(wsuc)o(fy(canΩ)g(adnh)j(to)e(a)g(c)oaieeh)g(acmation)fndms,)f(i,)g(thf)o(w)ors(efΩh(caseh)a)D)f(comptthl)05369bg(akdknooΩ(ln)e(of)g(theb(structureΩΩb(Gsp)¨)-.)24coun)oothee516b(ang(Bilsocts((1991ee.)Ω02315Ahd)g(finor)Ω(probl(f)g(conrains)f(the)f(splisting)i(od)f(bucΩ)o(k)o(ees.)20T(eMore)14h(ma)o(y)f(b)q(iy(ouitegioal)y(erthe)aey)01872)f(buc)o(k)o(edFm((ang(itses)h(g(-1sine.bop0(g(regi94))hf(as)hΩ(to)e(b)q(s)i(splih)bu(eo)d(trplg)f(is)g(no)f(splisting)h(T)o((bΩ)q(plan(nn)02828g(that)f(spl(is)i(nthe)g(flto)e(onlt)hhe)few94))f(ofΩg(the)g(ob)s(jeles)f(ed)i(that)p)q(oly-)0203e912b(The)22Ωi(splih)h(ma)o(y)g(theD)g(iggpler)08315Ω(othej)f(spl(,nh)y(whic)o(hΩh(ma)o(y)f(b)qc(somr)Ω(problatic)s)g(with)f(creasusinhb(zeoe)f(of)fΩ(thl)h(databaal.022b(The)04128i(ree,)g(ob)s(jects)y(are)g(insert,)Ωn)y(the)f(high(e)g(thl)b(prasibilit)o(g)h(of)h(spl(is)h(and)ey)f(58smelarhef)h(tho391858yoa)o(v)o((page)13s(zeon)e(of)g(thf)i(buc)o(k)oΩ(er)h(regions.022Newoe)14f(ob)s(jeles)arusg)i(the(efore)i(split)g(in)Ωo(to)g(a)g(larr)e)b(n)o(um)o(b)q()s)05624y(oi8smelarheg)f((pgumenΩ(ects,)y(whic)o(h)h(ma)o(g)f(i,)g(thh)o(w)ors(edcabasd)i(paam)agatein)gg(adnh)j(to)e(a)g(c)oaieeh)g(acmationl)06Ω511y(T)l(.)22Ωinaeviator,)h(thesf)h(problemsi(Gsp)¨)-.)24coun)oothe.)22Ωi(ang(Noltrguirhef)g((1991dΩb(suggeis)h(to)ftefore)g(largy)0567f(ob)s(jelee)14)y(wsuc)o(i)Ω(onf(f(more)liy-)0onlt)h(to)o(b)qΩre)i(split)g(in)o(to)f(a)g(large)b(n)o(um)o(b)q()t)g(of)f((pgumenΩ(ec94))fnre)i(sp)q(ecial)02194g(gkis)patages)(elarmei)gΩFj(ovs(zeoy)e(elurve))pFm(e)(oit(adng)h(of)b(insecying)ootmps)e(in)oΩ(tf)g(theb(structu).)04572yFf(2.1)56f(Spa-Fillpping)22Ωburver)esal)04Ω931)pFW(T)e(.)23g(alreada)f((en)o(onedof)h(the)g(maid)Ωgeastion)whma)o(g)g(thh)g(desieg)h(of)i(m)o(ultidimensionaj)f(access)0Ω8828i(metho)q(dh721bhas)ggof)gidiΣcesulr)i(cpapoder)f(to)g(theΩ((one-dimensionlr)iabam(:)T(eMore721bhas)n(he)tottiaf)b(ordef)0Ω4428g(tha.)21k(prergiv)o(es)Ω(spatiae)i(p)o)o(xilit)o(y)l(3911Ωb(On.)22f(w)oma)o(y)quhan)e(of)g(this)dioblma)e)h(is)f(to)inΔdofΩ)geuru(tic)y)02600h(solutisre,)h(i.e.s)f(to)h(lo)ok)g)h(for)fottiahΩ)b(ords)m)g(that)k(prergiv)o)t spatiah pthexilitf(that)f(astas)hΩ(tg)h(a)05567onro(taon)16b(g-tree.)21b(The)16f(ideg)f(i,)g(a(efΩi(of)h(t)o(w)o(o)e(ob)s(jecth)arusg)h(lo)q(cedof)g(clost)h(y(tho(er,Ω)d(trpoi8s(shoule)01302yFthad)le)n(aso(t)g(n)o(fbng)hioughgpver)ob)Ωn(asibilyp)fFi(oa)n(not)1es))g(than)g(tyth)arusg closg y(tho(aΩe)tec)ney ordre, i.e.e

ik 58(one-dimensionlj imagdhΩ(space.023b(F)l(or)15b(the)organiz(tation)ge(of)g(this)tottiae)b(orded)h(onh3585)g(r)02356y(eioc(f(use)h((58(one-dimensionli)f(accese)f(metho)qef(f(Ω(suc)o(h)g(as)deg)B)1072Ω231011yFi(001)02356yFm(-tr87,oh)y(whic)o(h)g(ma)o(y)i(p)o)vidqts)ig(tq)o(o)qer)08319y(p)o(erformancs)ihag asta, for some search on tqueries. underlyinj wbac v inte theΩ(la(ust)g(cen)oury;(t)01256g(reo)f(S(Sagae)g(1994g)e(for)f(a)survek)oΩery)l(.)20b(With320b(rarq(d)g(to)pl(is)h(relev)m(ancy)h(fodΩ)Ω(spatiae)g(searc)o(hieds)Saram(t)05274y((1989911Ωi(p)o)vidqads)yaf)y(tq)o(o)qee ovviewon of thebu(ob)sΩ(jealf)18b(One215b(tp0(a(ell)i(propqΩ(m(alfΩb(ha)o(v)o(ggg(in))g(commo-)061809this)t(that)e(tyto)inΓrsta,)f(parecti(g)g(thh)h(uh(v)qΩ(ee)n)g(with)g(a)grid03e912b(Eac)o(h214f(of)g(theh(grih35ohasen)gΩhas)lah(b)q(edof)Ω(with)266315aik)u(hniqui)b(n)o(um)o(b)q()e)g(than)hΩ(inΔriehΩh(its)h(p)q(osition)f(i,)g(thf)tottiag)b(ordee)g(g(the)eΩFg(Sp)n(acnΩ(e-fil)r(linf)c(cur13)pFm(.nd)8342828Ωy533)peopΩ%%Page:6e:6Ω:6e:533bop0199aFllglf)18g(that)f(w14li)g(thełah(b)q(usinhbs(eΩ)b(indep)q(eumen)o(jf(oc)g(thh)g(giv)o(en)h(dam(e)(o(g)is(a)ob)aΩ)oerioonlt)crosiccial)0256h(fof)c(the)k(prergim(rmation)h(of)i(p)oΩ)o(xilit)o(y)l(.)70Ω312(Figure(24)f)g(sho)o(ws)g(four)g(commofłah(bΩ)q(usiies.)2124aIt)21d(corresp)q(onds)i(to)e(a)(p)o)w-wihesf)umenΩ(umq(eratial)0Ω369h(o.)21h(the)hohasei)f(S(mo(edFy(1989)3911Ω(Figur.)2224b)e)g(sho)o(wo)g(the)h(the)fe(all)eb(n)o(q(eratiag)imp)Ωo)Ω(osed)h(b)o()Ω0425g(thfyFPe)n(an(he)c(cur1g)gFm(Morttion5806687,oib(also)gelarmeiyFquaand)fer)oor)n(shebm)f((ny-)0oed)iΩ(and)Bumen ln(jer)nmaticiacshe Ah(b)q(od)h(and)Sm(with)y(1384)f)(for)cFg(z-or)n(derinhΩgFm((Orenstei,)i(and)y(Merretf)e(1984.ms5438)(Figurc24c)f shoΩwo thiyFHilbep cur1p Faloutsos and seormthΩΩb(1989f(J(Sag(gith)y(90a84)dgΩ(and)51194k(Figure)Ω224and)f(depicth)fFGver)nnlt)z-or)n(derine)fFb(F)l(aloutsos)g(1985d)Ωb(F)l(aloutsos)g(1(28),)y(wsuc)o(i)is(a)obo(tarmedΩ65176f(b)o(y)f(in)o(tf(a)o)vip0h)i(thf)Gr(ma)o(y)fmmo)qplen of x1g andΩgg(y1g)gF(-co)q(ordinates)g(in)h(a)bilit ma. sacceativj diffps ig eccitly es190687y5511039y5511039y2008945146299307.000startTexFig1906Ω7aΩ%%BeginDocument:Survea˙abb24pq.epsΩ/£F2psDic2.002dictdefΩ£F2psDictbegiΩΨ£F2psDict/mtrxmatrixpu/l–9łine˝bb(id˝de/m–rmove˝bb(id˝de/s–estro˝bb(id˝de/n–eΩnewpa˝bb(id˝de/gs–gsa˝bb(id˝de/gr–gresto˝bb(id˝de/clp–oclosepa˝bb(id˝de/graycol–p)dup)duc(c(Ortrgbcolor4-2rollmul4-2rollmulΩ4-2rollmulsetrgbcolor˝bb(id˝de/col-1–˝d˝de/col0–0y20setrgbcolor˝bb(id˝de/col1–0y21setrgbcolor˝bb(id˝de/col2–0y10setrgbcolor˝bb(id˝de/col3–0y11setrgbcolor˝bb(id˝de/col4–1y20setrgbcolor˝bb(id˝de/col5–1y21setrgbcolor˝bb(id˝de/col6–1y10setrgbcolor˝bb(id˝de/col7–1y11setrgbcolor˝bb(id˝deΩΩΨenΩΨ/£F2psBegin–£F2psDictbegin/£F2psEnteredStatesavedef˝deΩΨ/£F2psEnd–£F2psEnteredStaterestoreend˝degΩΩ£F2psBegi0Ω1setlineca01setlinejoinΩ16.,)068.000translate0.900-0.900scaleΩ/Times-Romanfindfon2eΩ2.00scalefontsetfontΩ31442mΩgse1-1sca(0)col0eshowłeΩ/Times-Romanfindfon2eΩ2.00scalefontsetfon4735939Ωgse1-1sca(1)col0eshowłeΩ/Times-Romanfindfon2eΩ2.00scalefontsetfontΩ319539Ωgse1-1sca(2)col0eshowłeΩ/Times-Romanfindfon2eΩ2.00scalefontsetfon47359539Ωgse1-1sca(3)col0eshowłeΩ1.000setlinewidthΩ%Polyline)09)09)m095509)l)09)079)l)955079)lΩ)09)tΩ31l)955tΩ31l)09)t531l)955t531l d(aΞ68Ω26725yFk(Figuri(24)3)pFm(:)b(F)lur(h)15Ωf(Spa-FillppinjΩburvev)o(e.)7131872)B-baseeofsev(bΩ)q(if((en)osre,)Ah(b)q(o0)g(and)Markeo)f(e(1990)f)g(concludk)i(thadΩFg(z-n(derinhgΩ(and)142828g(ur.)22Hilbeq)nrthi)c(cuiv)o(e)Ω(onf(f(stoΩh)suiticause)h(as)f(f)Ω(spatiae)f(accese)f(metho)q.)4)20ΩO(ste(fro.)22f(e(1990,ce)048315J(Sag(gitcf(e(19a89)egΩ(anib(FΩ)l(aloutsos)g(and)g(rinhgg((1991o)inaae)i((f13of)g(theHilbeq)nrthn))g(cuiv)o(e)Ωmosins)04128f(thost)21h(t)o(w)o.re721Anhe)22Ωimp)o)q(tm(an)oe,)isadv)m(an)o(ta(n)e(of)a(all)Ω(spa(e-Δlppini))g(cuiv)o(is)f(i,)g(a(ef)g(ty))Ωarusg)pracmacinalls)097Ω7b(inn(osiuiv)o(e912g(te)g(the)b(n)o(um)o(b)q()t)g(of)gidimensiies.852ΩE(ev)oryb(tp0f)18iese)fappibedinspa,osnthesubspaahnoΩeovthldaeeoblmEncloredifthfdatf(h(ob)sΩ(jeal1)52483003ns.)22S(somh)15g(giv)o(en)l(sev)olagccacy(e)Ωb(ies)g(b)qeeehacucreobthkdatf(h(ob)s(ject)i(is)i((t)o(eb(k(presen)oeg(b)q(b)o(yΩΩh(e)geoe,)f(of)hohas,oi(trpoe)(elarmes)cFg(ver)e)n(regioa3)pΩFal.)12b(Eac)o(s)02300g(v(regioe)14b(corresp)q(ondh)j(to)e(yΩΩu(hniqui)g(bitstring,)g(thf)cFg(valuee))pFm(e)y(wsuc)o(i)g(v)o(eΩ)obo(ta(h)g(as)y(follo)oh)e912b(F)l(os)0187)Ω(simicilit)o(j)g(v)o(eΩ)erericj(moe(thig)k(presen)oeratiae)g(to)f(thhg(t)o(w)one-dimensionlhΩh(ca;hh)o(w)o(e)Ω(also)tssocund)83428003633)peopΩ%%Page:7e:7Ω:7e:633bop0199aFg(a(ee)16f(thhinΓrsta,)f(splisting)h(T)o((bΩ)q(plan(nf)is(a)ata)o(v)o(sicciai)r(leal.)27Ifre721g(thh)g(v(regiofΩf(on)niqsratiae)lioons)g(tl)0256d(the)left)e)h(of)g(than)r(le,ejΩ)i(thd)inΓrsta,)bit)eofeof0a31n4521Iio.ev0a3othwihess 1n. sh(p)q(ositiof)20Ωprogrbasese vfobo(ta(i)f(one)bh()h)p(b)q(), itf leal3 splistinnbositis thi f13ie tgvsiccialles,nhgΩ(ane)g(bi)h(that)egivdditisei coniailes,nhgy(wsuc)o(fex(l(tainh)whmaΩ)o(.)5438)g(this)barcmeot t(eef(b(f13redly)g(tg)h(as)F,)bit-ino(tf(er)nvip0))pFm(23751194k(Figurk(25)f)g(sho)o(wh)e(yΩΩΩ(simplg)h(exampm(.912b(Figure91225aoy)e(sho)o(ws)d(the)h(ed)h(in)ffΩ)f(tg)f(b)q(g)h(appro)o(-le)65176ximatm(e)y(with)Ω(the)frasome)gb(k(presen)otp0(Ω(the)h(uh(v)o(eqes.)26A(t((or)17g(sev)o(eralΩ)f(spl(,nh)pr(parsinf)g(with)an.)70427o(v)o(sicciai)g(split)r(le,eh)i(w)Ωo(o)e(o(ta(g)(Figure)25bes.822Ninure912g(v(regis)g)h(oeΩ)g(differen)o(i)e(shap)q(os)g(anl)h(zesr190458y(app)o)o(ximaof)g(thn))g(ob)s(je..3022b(The912łah(b)q(usinjf(oc)(acuc)oer)h(regiah)ieseΩ)e(sho)ones)g(in)f(Figure)f5cal3)21bsth918a(me)820Ωy)g(exampln)f(considon)h(t)e)g(v(regiop6.)279)5242Ωv)0w)pj)z)jt, thg ltw ft en(p)Ωo pa ggf(parecti(g)g(the)m(subspaam)f(con)o(taining)ey)f(58g(v(regiot)h(b)o(y)atf(hz-iz(con)o(ial)r(leal3026b(If)Ωb)g(eof)g(al)0Ω369v(regioe)lioonh)h(b)q(llo)oof)g(thae)r(le,ej)ey)f(58s(Seco(,)bit)g)h(of)g(eof)g(adv)mliqui of the giΩven ed inI.tethefte20ofthhinΓrstafo(v)o(sicciai)g(b)q(plan(in)g(and)h(b)q(llo)oog)fΩ(thl)inΓrstafhz-iz(con)o(ial)g(b)q(plan(,d-)92633(g(resuop0c)g(if)g(thl)inΓrstafg(t)o(w)o(o)fpl(is)h(b)q(eing)Fb(000))pFm(kbsth40Ωb(w)o(e)g(furthea)f(parecti(g)g(thf)j(lt)o(w)qraΩe)f(ft)g)quaarm(an)o,)bop965VethfoftheΩ(l(ft)f)h(of)g(eoi8s(Seco(f)o(v)o(siccial)g)T)o((b)q(plan(,dh)bu(eo)ab)Ωo)q(o)o(v)o(g)g(the)m(Seco(,)hz-iz(con)o(iae)004256g)T(b)q(plan(.)Ω.)24b(The7b)f(comptthf)g(bitstring)hq(ci(m)o(aoedly)ggof)farotthe(eforeFb(0001n))pFm(.321Iion)16f(thg)ef(e20)00396rouco(f)f(of)dqc(sh(p)q(ositis,)bo5e)11078V16Ωwothwiheshinotadvtotheofthetranlvsicciafllo(b)q(plan(i,)i(and)i(ab)q(o)o(v)o(0Ω1t5369h(t)e)g(tranl)hz-iz(con)o(iaf)g)T(b)q(plan(,is)h(resuop0fΩf(ofg(t)o(w)o(o)h(additionaj)fb(1n))pF’s.(:)T(e)1311Ωf(comptthh)g(bitstrind)02315Ω(descrip0))2311191ΩV17w)pjofwothefymoreFb(000111n)

Figuri(25)3derincΩofinFiguss.alsoΩg(giv)onlop0h -cowsucdescr(b)q(c(onlyto)f(the)f(spl()g)frthogtionaf)g(tΩf)g(the)g(giv)o(en)axiies. 01he on t aos descr(b)qsog thfm(subspaah)g(thae)r(ends)i(to)g(the)f(ft)g offΩ(thhinΓrstafΩ)o(v)o(siccial)g(splid)h(and)g(tl)02509h(t)e og theΩ(m(Seco(,)o(v)o(siccial)g(sples.)15Byhe7b)bit-inin)o(tf(a)o)vip0h thfg(bitstrih) oth g↼adv↽mliqng eof 1 2(os)047696g(examp,ec)e(Enclos)o theregis ure912g(v(regiam)f(corresp)q(oining)eoreFj)z corresp0001ng 0a3onh unn(dlyerini)grid,te thf resuop0i ofg(v(regis)h)ies�f (g)h(appro)o(meratiag)h(of)g(the)orioineral� ob(b)q(ondd)n diredle7bsev ccacy(hgg(ey)f(5pg)gver)anular(Wya3)pFm(h)h(of)g(icth)h(appro)o(meratim(.)�b(Mymorn)16hohaseh)g(oo)viouslytd eoby((Orensteii�gg((89(bc)g(theal)0�312amorn)16g(t)o(w)o(o)b(p)q(osslytj)r10Figuree 5.3 anj(Re(aoedld(Stsuctigusr0Ω200427ak)5.3.1)5212T(e)1812R-T)lreure((Guttmaeii((84)r0Ω209356yFAnreFgR-tver)eer)eeg correspoons tf g derin00921Ω7 ofiFj iintadvba correspoonf tf h↼diskea↽f↼geos↽g↼angΩ↽g↼tf↽f↼hψFj↽dinIrn tadvIgFj we se(i(en)o(tio(h)nhoo)qorgh(t(if)g(thl)i(enΩ)o(tadv)mloni)f(corresp)q(oininf)g(to)f(the)Ω(dee(oanen)osng)Fj)˚ ≀{←F| ⌋≀\←↕⟩⌈∫⌉⇐⟩⇐⌉\⇒}|⇐I∇∈∀∀⇒∈∈△▽̸↚†⌉⇒⌈.t2721Iiontadv treure(l(sev)olai(ma)T)oe ovlapes.8Ω8b(I1812)pj theIr246430256ye ae thgΩFj nug (ab)q(o)xf(58(MBBm(a,)f(og)g(the8(ob)s(jeh)f)itoredlybFacuc obtign, ject odis anl f13erceds tdΩ eoi8f↼comptthg↽h↼ob↽s↼jecs↽043215ψΩ↼descpratim↼71Ω248438↽O↼oth↽fψpro↼↼b↽q↼t↼endhψh↼of↽g↼eof↽Rtveeot↽include.↽68Ω25915y↽pd↽inΥ↼▷321↽pΩFEo↼v↽o↼yhe7ψb↽nhoo conψlsnd b ssst e ltw 5pj↼moe↽pΩFpregiven generategiotoe↼eveesid↽h↼angΩ↽ersigusrd oe↼einΣcio↼en↽o0i↽gtor↼geoe↼utia11452704Ωyψlizeratim↼▷↽12ψW↼t↼egiv↽orth4ψ0Ωg↼thg↽b↼n↽o↼um↽o↼b↽q↼↽t↽g↼og↽f↼g↽nhooΩ↽Ω↼φshe↽Ω↼dee↼oanen↽osne↽Ωro↼s0ψ↼↼ab↽q↼llo↽oon↽gj↼mo3↽pΩFof↽g↼eof↽nhoo↽qord disorebueeg↼b↽amoninf cerbe M bac bdegiv frof thl ▷321bot ▷321i▷e▷fea↼ef↽g↼eoi8sasome↼l↼sev↽olm↼▷↽Ωb↼T↼e↽1412ψheiougn↽oot↽o↼on14ψ5ψ256ψg↼↼g↽Rtveeog↽ictl↽a↼ef↽mostafψj↼g↽Ω584356756ψye↽m1 (og)pjak b(cdsm(237663Ω7Searsuc)oop0kb(igg(thf)R-tveeot)issf)iimilards td acuc eoi8Btvee▷ tψreeg↼hgy↼e↼oth↽fψg↼ty↽h↽g↼iΩn↽o↼tseject↽g↼thfψmearsuc↽o↼h↽g↼in↽o↼tadv↽mleg↽gj↼Irn219Ω72656ψye↽sthF t↼ih↼visi↼e↽Ωallen↽sucΩ↽gildn0ψ77425ψnhoo Ir311975956ψye 6Ir4749782Ω6ψyei↼tg↽g↼the8↼o↽o↼v↽o↼lapptpψ0ψ↼v↼regiafψparadigmnh↽g↼theef↽ma↽T↽oΨΩ va↼on121ψg↼in↽o↼tadv↽mlons↽gj↼Ir346Ω81556ψye↽d batas intseject thhΩv↼n↽os quereries2 thealeo↼i↽y↼↼ofΩg↼thg↽b↼n↽o↼um↽o↼b↽q↼↽t↽o↼oe↼pϱPactl↽g↼v↽o↼g↼ha↼o↽o↼v↽ongΩ↽g↼tg↼visi↼es2912ψbnal↽94315ψh↼examp↽1316ψissf↽g↼giv↽o↼eg↼i↼en↽↼Figurf↽f27↽fψg↼atah↽g↼sho↽o↼wf↽rmth↼Rtveeog↽y↼↼ofΩg↼thh↽runnopψ0h↽h↼exampm↼f↽20ΩReme↼um↽o↼b↽q↼↽0ψ000176ψh↼at↽e↽g↼ths↽gj↼mieg↽gψFderotect↽g↼thh↽MBBsf↼58↼og↽g↼thgψpsp↽qh↼in↽onah↽g↼datf8↼ob↽s↼jeh↽f↽gj↼rsp↽ia3↽pΩFal2912ψb↽1812ψpspd↼esp58isen↽ohh m7os m5osbogFcm↼ag↼e↼noe↽folo↼v↽ong↽f↼g↽g↼giv↽o↼eg↼eearsuc↽o↼gΩ↽i↼obleme0ψ017156ψc↼compttlytc↽unl↼sse↽f↼ofψcoutse0h↽i↼thf↽ectueralΩ↽g↼datg8↼ob↽s↼jeh↽f↽Ω↼onh↽g↼in↽o↼tadv↽mlshap↼b↽qdm↼▷↽Ωb↼O↼othwise↽1316ψf↼ths↽122715ψh↼resu↼i↽ffs↽aeii↼Rtveeof↽querytt↽issfΩ↽f↼g↽geoet obgeometryte o thf datg8↼objeφese↼i↼eΩn↽o↼tadv↽mlej↽gj↼Irn↽▷32160656ψye ↼ssose↽Ωa↼and↽c↼csin↼dableoi8f↼coutategihfeΩ↼haesh↼e↼nof↼h↼b↽qt↼ih↼takiv↽o↼ea↽139256ψi↼in↽o↼tg↽fq↼pu↼en↽ohg↼i↼enΩ↽mostae↼publosheg↼kψ↼↼b↽q↼fymRomce↽↽aealysoese↼↼Guttmaeif↼↼84,↼↽Ω↽Gvee↼onhψ↼89m↼▷t237145396ψT↽lψo↼d↼ψlsq↼trd↽h↼og↽h↼ob↽s↼jec↼5pj↼o0↽↽pψFal↽g↼v↽o↼g↼ψlsq↼trg↽g↼thgψminim↼n↽o↼uh↽f↼b↽oucotpψ0ψ↼i↼enΩ↽o↼tadv↽mleg↽gj↼Irn353ψ043656ψye↽d↽13737145396↽pΩF↼↽35pj↼o0↽↽pψF↼be↽g↼anl↽h↼og↽h↼ob↽s↼jeca↽150915ψh↼f13erced19Ω8ψi↼in↽o↼te↽g↼the↽tvee▷↽2821ψIio1812ψc↼con↽orastafψo↼tg↽searsuc↽oopψnhΩ↼g↼v↽o↼g↼ora↼o↽o↼v↽o↼seef↽f↼lo↼hψasf↽iingca↼j↽eath↼d↼g↼fro0Ω156676ψh↼t↽iψrco↽qlrg↽g↼to↽f↼thi↽reaf▷↽3212ψAgn↽ooe9Ω2ψ↼acuc↽oeg↽l↼sev↽olai↼g↼v↽o↼e↼cuc↽oco↽qso↼g↽g↼the↽suc↽ooldni↽nhoo↽qooΩfψFj↽ν↽i↽pψFwhosane↽f↼corresp↽q↼oinin0g162256ψi↼in↽o↼tadv↽mlee↽Fj↽Irn90g160656ψye↽d↽210g162256↽pΩF↼↽3↽pj↽ν↽s↽pψFm↼af↽nψedcth↽g↼thgΩΩreaseco↽erlargemeseno0vb vha↼o↽o↼v↽onh tg enΩoth t↼thf↽tvee▷rd 3933

Figur1812ψ27iaf(hiesh(oriBegonas)pap(b)qr,tgGuttmaeif(((84)re)discusseg(kv)ΩΩFahiousnepsp)qlicerij tcminimizo(j)g(eo092376(o)o(v)o(lapoe)fdurrsinh(łsq(tatim(340Ωb(F)l(oe912nhoo)qorhg(spltop,nh)y((oeΩ)h(examp,(i)Guttmaeie(suggeseh)f)ieo(v)o(a(o097915algorithmh,feΩ(includop0i)gae)sixamprch)f(onf)witheh(lylia(og)Ωisome(c(compxit)T)og)Fa(and)fΨ)f(morf)ela(ab)qrinan00103656f(oneFwitheg(quadratecg)Fc(compxit)T)ol(es2)12Łinar(h)22o(w)orktg(h(T)oh)h(oth)gh(searsucΩ(othsas)f(dnh)g(te)g(the)d(sev)olopmesen)oh00109312of(.0Ω8f(more)fophietecaeeg(hgpsp)qlicerim(3815T(e)2021)pg((n(ackeer)dg)FR-tver)eer)eef)pΩF(Rousso((b)oulosid)h(anf(Leifk(v)o(sh(85),i0n14369y((ofΩh(examp,(i)f(coute(wf)rmtf(opΩiserah(pa(tatatirsinh(ffs,)fΩ(thl)unio(v)o(see,)i(and)aot)b(corresp)q(oinin0g1205Ωyminima(on512R-tveeofy((ofΩaot)g(giv)o(eg(ecenahiom(.0Ω8H(lt)o(w)qo(v)o(,(h)22plii)requigusrd)hllhf)g(datf(g(tg(h(b)qhh(knhoΩt)ontg)ffipriori.t237126176O(oth)h)g(in)o(tesrasinh(adv)mrianen)osn(58(of)g(thhgR-tveeot)includeeh(t(thf)pgspoth)n)o(g(orer)eer)eee)pΩFh(T)oh)Ooso(tfrof(((90)r0131856g(doe912t(thf)pe(Hilber)e(trg)R-tver)eer)een)gm(b)T)ofi(Kameltd)h(angb(F)aloutsosf(58((94m(.t2721T(e)1912spothome(treure(b(corresp)q(oon0n1374y(g(th)f(g)hierarsuc)g)T)oh)h(of)nreeg(hFj)d)3ΩpF-dicumsitionah)spotho(wf)ratoth)fg(an0(i(en)o(tadv)mlom(3311Ωb(a.)12t(the(Hilbeb)q(tr0143176R-tvee,c)g(t(imesp)qrtanen)ot(58featigure)issg)g(a(ef)i(en)o(tio(h)nhoo)qosrd)hlshof(restoof)g(thhΩ(largestafHilbeb)q(tri(adv)mluan00148715)cfalj(Sejeegiac(5.2)rd)h(oΩh)g(the)d(datf(rejeangcasnh)g(ih(t(thf)b(corresp)q(oiningsubtveeog58(g(ih(Ωddititi)f)g(to)f(tha)1544y(MBBogFa(and)fhpsp)qisen)oerm(.tΩ1912T(ict1321enhomcemesen)ohg)facisplatecth)g(the(einΣcio(en)o0iΩ(łsq(tatie,)f(ofbewee8(ob)s(jeh)0g160056c(csin(dablol(es2)Ωb(T(F)lge(oth)1)15githeg(atf(revistdi,)g(spltophgpsp)qhicy(l(,dg58Kameltf)h(angb(F)aloutsosf(8((94m()f)Ω(on0g165715ableoj)g(to)reesp58fltafg-co)qoo)qi,)((b)q(fymRomce)f)h(resus(gy((og)(ab)qtheg(searsucΩ(otse)Ωa(anh)upeq)d(drim(s)177427ak)5.3.2)5212T(e)2420ΩR)3121765)y)pi(+(341)177427ak)-T)lreurs))Stf(obrakiv)or,dg58Sellis,id)h(anf(Hanson0((86;i,)Sellis,ig(Rous-)160Ω183356(so((b)oulos,re7b)g(anhb(F)aloutsosf((87)r0Ω19135y)pΩFT)lo(c(o)o(v)o(f(cect)g(thh)i(oblemse)Ωassooo)ciaeeg(gΩgitheg((o)o(v)o(lapptp0(v(regis,e,)Sellisoj)etrd)alm(.0Ω8isen)or-co)ducedla)197425a(i)fclo0h)re(aoio(v)onf)f(og)g(thg)fR-tvee,i)conf(dns)gj(R)805)195956yi(+(d)83197425)pg-tver)eer)ee3)pΩFal4)12O(oth).212g(an0(g(eof)R-tvee,ii(t(thf)R)1)92Ω195956yi(+(16225197425)pm(-tveeo00203312usosre(clipptp,ej)i.e.,feΩ)g(theef)issg)e(nf)f(o)o(v)o(lapoh)h(b)qten)g(v)oe(eg)indexnt)i(enΩ)o(tadv)mlonh)gj(Irn3.)1201556ye)d)13620203312)pΩFhnto)f(thf8sasomh)fΩveeo00208438)l(sev)olm(f(O(ob)s(jeh)1)15h(a(ef)i(en)o(ts(jech)f(morfΩg(an0h)f(ong)indexnh)g(in)o(tadv)mleg(ha(o)o(v)onf)g(to)h(b)qhhΩ)itoredly)hnto)ieo(v)o(a(o0214315diin�eren)o0.0Ω8p%Pacm(33b(And2)12a)gh(sesu(g)h(of)g(iesh(psp)qhicy(l(,djpsp)qiseΩn)o(d)gearsuc)gtse)Ωteie)R)12742212800yi(+(13072143Ω5)pm(-tveessg)f(corresp)q(ongo(tl)020125)pgiingca-((n(athe1311)pm(tveeog)ora(o)o(v)o(smlons)g(frot)g(thh)r-co)qlre(g(th)f(onhh(ofΩg(the)f(a(o)o(v)oies2)12T(eyI1316f(trqfymoth)ge(ongo(to)h(b)qh0Ω225812faso(t)fg(an0i(t(thf)b(corresp)q(oininh(R-tveeog)o((b)q(eratim(Ω1912Rangonn40Ωgearsuc)gtsef)wilnaiusuonfyas)f(adnf)g(te)g(th0Ω2314y(ora(o)o(v)o(smlre7b)f(og)m(n)oltiplo(ieathsef)i(eg)(ab)qthegΩ)itsuctigus,rg)a(thoughaf)g(thhga(o)o(v)o((geos)b(n)o(um)o(b)q()t)o(ofΩeathse002371y(ora(o)o(v)o(sedld(wilnaj)h(b)qhfj(lt)o(w)qraf(i(enΩ)t(thf)R)627235400yi(+(65712371y)pm(-tvee.t2372427ΩyW(tnri(łsq(tap0i)gae)beweg)h(ob)s(jecgpj(o0))pF,as)g(v)o(gma)TΩ)oΨ(ha(o)o(v)ongo(tg)folj(lt)o(g)m(n)oltiplo(ieaths,ee)de((b)q(oininΩl)0484y(hntd)g(the)n)n)o(um)o(b)q()t)g(of)i(en)o(ts(jeegis)hh(of)g(eoΩh)MBBos)gj(Ir89l)04Ω756ye)d)91l)0484y)pΩF()3)pj)oe3)pΩF)rg)witheh(indexnh)g(in)o(tadv)mliesk(Durrsin1)15h(tme(treur0Ω25409ora(o)o(v)o(sml,)d)gj(Ir2.)1252356ye)d)24)12540Ωy)pΩF()3)pj)oe3)pFm(ah)ma)T)oΨ(h(b)qhh(g(splihi(in)o(te)Fj)nen)gm(disjisen)ohs)g(agmo(en)osne)gj(Irn09312523Ω6ye)d)10843255256i)111225409)pΩF()3Sth =1(1302Ω25409)pj(Irn3.61252356ye)d af(=nh)gj(Irn4843252356ye)dm(.t1912Easuc)o(a)059256g(agmo(en)oth)Ωb t(eg)plactdi, afeg 1912ψPrf↼o↽oin↼d↽n4Ωbψh↼at↽e tgure Iftd thgψf↼b↽oucotpψ0i↼i↼en↽o↼tadv↽mlef↽Fj vaf(q(o)o(vΩ)o(laph)f)i(spaahg(atas)haesd)83428004033

requigu↼hψasfΩ↽c↼csin↼dableoi8einΛγtae↼h↼b↽qcauso↼e8↼o↽o↼v↽o↼lapon0n312ψyFha↼o↽o↼v↽one↼g↼tg↼h↼b↽qhi↼y↼o↽o↼v↽oin↼desk↼Iiac↼s↼cece↽rarthg↽fcasosid↽it↼gψma↽T↼yto↽nhttg↼h↼b↽qhi↼b↼p↽q↼osslo↼g↼g↼te↽increaso↼iΩ↽t↼thf↽c↼c↼Oren↽oh003Ω369ψg↼in↽o↼tadv↽mlonj↽in↽f↽iucuc↽oeg↽aas↽g↼v↽a↽TΩ↽oβψg↼atas↽g↼ty↽h↽f↼↼o↽o↼v↽o↼af↽g↼thhgbeweg↽h↼ob↽s↼jecf↽withoutegΩ↽i↼cech↽m↼n↽otueral↽f↼o↽o↼v↽o↼lapo0ψ42515ψ↽G↼p↽⁀↽2420Ωu↼en↽ooth↽16ψb↽↼88,↼f↼Ooishψ↼90↽al▷↽12ψIiac↼caso↼f↽f↼og↽iucuc↽oegΩ↽f↼g↽d↼adlhoo↽cuc↽kid↽s↼cece↽d↼dath↽g↼in↽o↼tadv↽mli↼h↼ha↼o↽o↼v↽one↼g↼tΩh↽h↼b↽qh0ψ4ψ456ψg↼splig↽h↼angψreψlsq↼tedly↽teio↽g↼to↽f↼the↽tvee▷t23Ω5ψ438↽Ifth↽f↼g↽reafh↽nhoo↽qoal ovdiΠoeng↼tgΩ↼h↼b↽qhh↼g↼splee▷↽24ψNhoo↽qorn712ψspspltopψctl↽g↼v↽orktd↽iimilarfyajΩ caso↼kψh↼of↽g↼eof↽Rtveem↼3712ψbna2↽Ωb↼imesp↽qrtanen↽ot↼ψdiin�erceii↼h↼lt↽o↼w↽qo↼v↽o↼↼f↽issg↽g↼a↼efΩψspsplsai↼ma↽T↽oe↽pro↼aginan0065156ψnhttd↽f↼lo↼i↽upto↽f↼the↽tveedg58butrg↽a↼shof↼d↼lt↽onohψf↼thg↽tvee▷↽2721ψT↼e↽1815ψresesursinh↽pe↼y↼↼on↼cer↽eer↽dβψg↼splik↽pΩFh↼o17ψb↽g↼t↽h↽nhoo↽qosr0Ω70715ψf↼b↽q↼llo↽ood↼ma↽T↽oe adni↼g↼te↽ieo↼v↽o↼a↼oi8f↼comecaeegisegΩ↼includopψ0i↽gad↽fur↼oth↽fψg↼agmo↼en↽oategiot↽g↼ohψf↼thg↽d↼dat0Ω76469ψg↼in↽o↼tadv↽mlo,0i↽geeofψy↼↼ogψh↼examp↽h↼t↼thf↽rejeangcasnh↽m5feΩ↽a↼o↼i↽m8af↼i↼en↽↼Figurf↼28▷↽1818135yig136121681871178032ψ0ψ2841772↽11841889310ψstartTexFig1818135aiaΩϱϱBeginDocument.ψSurverplus▷spq▷epsΩ◁ϖF2psDic2▷002ψdictψdefψΩϖF2psDictψbegiΩΨϖF2psDictψ◁mtrxψmatrixψpu◁lψılψline℘ψbψfid℘ψde◁mψı9rmove℘ψbψfid℘ψde◁sψıeψstro℘ψbψfid℘ψde◁nψıeΩnewpa℘ψbψfid℘ψde◁gsψıψψgsa℘ψbψfid℘ψde◁grψıψψψresto℘ψbψfid℘ψde◁clpψıoψclosepa℘ψbψfid℘ψde◁graycolψıdupψdupψc↼c↼Ortrgbcolorψ4ψ20rollψmulψ4ψ20rollψmulΩ4ψ20rollψmulψtψsrgbcolor℘ψbψfid℘ψde◁col1ψı℘d℘ψde◁col0ψı0ψ0ψ0ψtψsrgbcolor℘ψbψfid℘ψde◁col1ψı0ψ0ψ1ψtψsrgbcolor℘ψbψfid℘ψde◁col2ψı0ψ1ψ0ψtψsrgbcolor℘ψbψfid℘ψde◁col3ψı0ψ1ψ1ψtψsrgbcolor℘ψbψfid℘ψde◁col4ψı1ψ0ψ0ψtψsrgbcolor℘ψbψfid℘ψde◁col5ψı1ψ0ψ1ψtψsrgbcolor℘ψbψfid℘ψde◁col6ψı1ψ1ψ0ψtψsrgbcolor℘ψbψfid℘ψde◁col7ψı1ψ1ψ1ψtψsrgbcolor℘ψbψfid℘ψde◁col8ψı▷68ψ▷85ψ▷9ψtψsrgbcolor℘ψbψfid℘ψde◁col9ψı0ψ▷3ψ32ψtψsrgbcolor℘ψbψfid℘ψde◁col10ψı▷65ψ▷17ψ▷17ψtψsrgbcolor℘ψbψfid℘ψde◁col11ψı1ψ▷51ψ0ψtψsrgbcolor℘ψbψfid℘ψde◁col12ψı▷63ψ▷13ψ▷941tψsrgbcolor℘ψbψfid℘ψde◁col13ψı1ψ▷742▷81tψsrgbcolor℘ψbψfid℘ψde◁col14ψı▷7ψ▷13ψ▷13ψtψsrgbcolor℘ψbψfid℘ψde◁col15ψı1ψ▷84↽0ψtψsrgbcolor℘ψbψfid℘ψdeψ◁DrawEllipseψıΩΨ◁q↼oangcaψexchd℘ψdeΩ◁0ψstaangcaψexchd℘ψdeΩ◁yradψexchd℘ψdeΩ◁xradψexchd℘ψdeΩ◁yψexchd℘ψdeΩ◁xψexchd℘ψdeΩ◁0avexψmatriψ◁mtrc↼c↼Ortxψmatri℘ψdeΩx5y↽0ψtranslatxradψyradψ1ψscaψ0y2ψ1ψsψstaangcaψe↼oangcaψarcΩΨ0avexψmatrigeoxψmatrΩΨnd℘ψdΩeΩΩΨenΩΨ◁ϖF2psBeginψıϖF2psDictψbeginψ◁ϖF2psEnteredStateψsaveψdef℘ψdeΩΨ◁ϖF2psEndψıϖF2psEnteredStateψrestoreψend℘ψdegΩΩϖF2psBegi000ψsetlineca000ψsetlinejoi83▷0ψ342ψ0ψ0ψtranslateψ0▷900ψ0▷900ψscal0▷5▷000ψsetlinewidthΩEllipseΩeψ933534415ψ5ψl↽0Ω0ψDrawEllipseψψψψψψ0▷00ψsgrayanψllowψΩψψψcol1ψsowψnhΩEllipseΩeψ91ψ3209↽5ψ5ψl↽0Ω0ψDrawEllipseψψψψψψ0▷00ψsgrayanψllowψΩψψψcol1ψsowψnhΩEllipseΩeψ257196ψ35ψ5ψl↽0Ω0ψDrawEllipseψψψψψψ0▷00ψsgrayanψllowψΩψψψcol1ψsowψnhΩEllipseΩeψ533532ψ35ψ5ψl↽0Ω0ψDrawEllipseψψψψψψ0▷00ψsgrayanψllowψΩψψψcol1ψsowψnhΩEllipseΩeψ534234355ψ5ψl↽0Ω0ψDrawEllipseψψψψψψ0▷00ψsgrayanψllowψΩψψψcol1ψsowψnhΩEllipseΩeψ494139415ψ5ψl↽0Ω0ψDrawEllipseψψψψψψ0▷00ψsgrayanψllowψΩψψψcol1ψsowψnhΩEllipseΩeψ5▷5↽98ψ5ψ5ψl↽0Ω0ψDrawEllipseψψψψψψ0▷00ψsgrayanψllowψΩψψψcol1ψsowψnhΩEllipseΩeψ49ψ336435ψ5ψl↽0Ω0ψDrawEllipseψψψψψψ0▷00ψsgrayanψllowψΩψψψcol1ψsowψnhΩEllipseΩeψ358ψ18335ψ5ψl p1p10m1R2R10R7m3m7p7m6R6p5p4R8R5p6p3m4m8R4p8R3p2R1m3p3m5m10R11R3m2